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One-Bit Phase Retrieval: Optimal Rates and
Efficient Algorithms

Junren Chen and Ming Yuan

Abstract—In this paper, we study the sample complexity
and develop efficient algorithms for 1-bit phase retrieval, i.e.,
the recovery of a signal x ∈ Rn from m phaseless bits
{sign(|a⊤

i x|−τ)}mi=1 with standard Gaussian ai. By investigating
a phaseless version of random hyperplane tessellation, we show
that (constrained) hamming distance minimization uniformly
recovers all unstructured signals with Euclidean norm bounded
away from zero and infinity to the error O( n

m
log(m

n
)), and

O( k
m

log(mn
k2 )) when restricting to k-sparse signals. Both error

rates are information-theoretically optimal up to a logarithmic
factor. Intriguingly, the optimal rate for sparse recovery matches
that of 1-bit compressed sensing, suggesting that the phase
information is non-essential for 1-bit compressed sensing. We
also develop efficient and near-optimal algorithms for 1-bit
(sparse) phase retrieval. Specifically, we prove that (thresholded)
gradient descent with respect to the one-sided ℓ1-loss, when
initialized via spectral methods, converges linearly and attains
the near-optimal reconstruction error, with sample complexity
O(n) for unstructured signals and O(k2 log(n) log2(m

k
)) for k-

sparse signals. Our proof is based upon the observation that a
certain local approximate invertibility condition is respected by
Gaussian measurements. Our results establish the major findings
of (memoryless) 1-bit compressed sensing in a phaseless setting.

Index Terms—phase retrieval, quantization, hyperplane tessel-
lation, one-bit compressed sensing, iterative hard thresholding

I. INTRODUCTION

The problem of phase retrieval arises naturally in applica-
tions such as X-ray crystallography [53], quantum mechanics
[67], and astronomical imaging [69], where capturing the
phase information is prohibitively expensive or infeasible;
see, e.g., [10], [11], [15], [28], [36], [47], [58], [75], [78].
To further increase the sampling rate and reduce energy
consumption in phase retrieval, quantized measurements have
been considered; see, e.g., [25], [27], [44], [56], [57], [79].
In spite of these recent progresses and the practical successes,
still very little is known about either the information-theoretic
aspect or efficient algorithms for quantized phase retrieval,
that is, phase retrieval from quantized magnitude-only mea-
surements. The primary objective of this work is to provide a
clear understanding on the optimal error rates of 1-bit phase
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retrieval, which concerns the recovery of a signal x in Rn
from the binary phaseless measurements1

yi = sign(|a⊤i x| − τ), i = 1, . . . ,m, (1)

where A = [a1, . . . ,am]⊤ ∈ Rm×n is a sensing matrix and
τ > 0 is a fixed threshold, and develop efficient and optimal
algorithms for the recovery of unstructured or sparse signals.

In particular, we derive sample complexity bounds for 1-bit
phase retrieval when A is a Gaussian matrix, i.e., its entries
are independent standard Gaussian random variables. Ignoring
logarithmic factor, the optimal error rate for reconstructing all
unstructured signals bounded away from zero and infinity is of
the order Õ( nm ), and of order Õ( km ) if we restrict to k-sparse
signals. Both rates can be achieved by (constrained) hamming
distance minimization. The optimal rate for recovering sparse
signals is identical to that of 1-bit compressed sensing (e.g.,
[1], [4], [26], [38], [51], [62], [63]) where one observes

yi = sign(a⊤i x), i = 1, . . . ,m. (2)

This suggests an intriguing message that phase information is
inessential for 1-bit compressed sensing. There are, however,
also important distinctions between the two problems (1) and
(2). Specifically, in 1-bit compressed sensing, the signal norm
information is completely lost in quantization, hence it is con-
ventional to assume x lives in the standard Euclidean sphere.
In fact, the literature of 1-bit compressed sensing advocates
the use of dithering to enable full signal reconstruction with
norm (see, e.g., [3], [21], [23], [24], [45]). In contrast, a shift
of the quantization threshold away from 0, which is obviously
necessary for quantizing the magnitude-only measurements,
also overcomes the limitation and enables norm reconstruction.
Moreover, establishing the attainability of the optimal error
rate requires a new technical tool on the phaseless hyperplane
tessellation of (a subset of) an annulus, which may be of
independent interests.

While hamming distance minimization achieves the optimal
error rates, it is not computationally tractable. To overcome
this challenge, we also develop efficient algorithms for 1-bit
phase retrieval. We show that under a near-optimal number
of Gaussian measurements, gradient descent with respect to
the one-sided ℓ1-loss converges linearly and attains the near-
optimal error rate for recovering unstructured signals, provided
that a good initialization is given. A similar near-optimal local
convergence guarantee is established for recovering k-sparse

1While phase retrieval is already challenging due to the loss of phase
information, 1-bit phase retrieval is even more difficult as it additionally
discards almost all magnitude information (while retaining only a single bit).
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signals via thresholded gradient descent, which incorporates an
additional hard thresholding operation at each gradient descent
step. To further complement these results, we prove that the
desired initialization can be obtained by spectral methods
under appropriate sample sizes. The high-level architecture of
our proof is inspired by the recent work [51] who first theoreti-
cally analyzed the optimality of a similar iterative thresholding
algorithm for 1-bit compressed sensing. The main ideas are to
derive tight concentration bounds for the directional gradients
by conditioning on the index set of hyperplane separations
and treat separately the “large-distance regime” and “small-
distance regime”. Yet our analysis for 1-bit phase retrieval is
more delicate and poses significant new challenges. First note
that the one-sided ℓ1-loss for 1-bit compressed sensing is only
non-differentiable at

⋃
i{z ∈ Rn : a⊤i z = 0}. For 1-bit phase

retrieval, the gradient and landscape of our loss function ap-
pear far more intricate. To establish tight concentration bounds
for the directional gradients, we need to take a close inspection
on the two index sets associated with (phaseless) hyperplane
separations, and decompose the gradient into a main term and
a higher-order term. To deal with the main term in the large-
distance regime, since the iterates are no longer restricted to
the standard sphere, a more general orthogonal decomposition
and substantially more technicalities are in order to cover all
possible directional gradients. In controlling the additional
higher-order term, we make use of a key observation that
“double separation” probability—the probability of two points
being separated by both the hyperplane and the phaseless
hyperplane—exponentially decays with the distance. Another
challenge occurs in the small-distance regime where we seek
to bound the directional gradients at points that are close
to the underlying signal. Our approach is to leverage the
sharp bounds in phaseless hyperplane tessellation to show
that the non-zero contributors to the gradient cannot be too
numerous, and then invoke a powerful concentration bound
to uniformly control the directional gradient within the order
of the optimal error. This line of reasoning substantially
simplifies the small-distance regime analysis in [51]; see a
more detailed comparison in Section IV-C. We believe that the
arguments and technical tools developed in the present paper
will prove useful in many other related problems; indeed,
some of them are already used to provide a unified treatment
to quantized compressed sensing in our follow-up work [14]
(note that a number of technical components are specific to
the analysis of 1-bit phase retrieval and are not needed in
quantized compressed sensing).

The problem of 1-bit phase retrieval is closely related to
1-bit compressed sensing and phase retrieval, both of which
have been extensively researched in recent years. To put our
contribution in perspective, we shall now briefly review some
of the most relevant theoretical developments in these areas.

The optimal rate of 1-bit compressed sensing is due to
Jacques et al. [38] who showed that the optimal error rate
is at the order O( km ), up to a logarithmic factor. On the
computational side, [38] also introduced the (normalized)
binary iterative hard thresholding (NBIHT) that performs
thresholded gradient descent with respect the one-sided ℓ1-
loss and empirically observed its optimal performance. There

have been some attempts to provide theoretical justification
for the optimality of NBIHT since the pioneering work of
[38]. For example, Liu et at. [49] showed that the later
iterates of NBIHT remain bounded with the same level of
estimation error, and Friedlander et al. [31] proved the first
non-asymptotic error rate for NBIHT that decays with m
almost optimally but exhibits highly sub-optimal dependence
on the sparsity k. More recently, a near-optimal guarantee
was presented by Matsumoto and Mazumdar [51], showing
that NBIHT with a particular step size achieves estimation
error O( km log(mnk2 )). We also note in passing a few efficient
solvers with sub-optimal theoretical guarantees. The linear
programming approach in [63] is perhaps the first efficient
and provable 1-bit compressed sensing solver, achieving an
error rate of Õ(( km )1/5). There are also efficient solvers robust
to noise or for more general non-linear models, see, e.g., [1],
[62], [65], [66]. These algorithms, however, achieve error rates
no faster than O(

√
k/m). Readers can consult the surveys

[5], [20] for an overview of quantized compressed sensing.
More broadly, our work is related to the rapidly growing
literature on the quantized versions of various estimation
problems and signal reconstruction from general non-linear
observations. See, e.g., [7], [13], [18], [22], [32], [37], [43],
[71], [77]. Table I compares our results on 1-bit (sparse) phase
retrieval with existing results on 1-bit compressed sensing,
demonstrating that our work essentially extends the main
theoretical findings of 1-bit compressed sensing to the phase
retrieval setting.

The problem of phase retrieval, mathematically formulated
as the reconstruction of x from {yi = |a⊤i x|}mi=1, is known to
be NP-hard in general (e.g., [11], [68]). Some of the earliest
heuristic methods include the Gerchberg-Saxton and Fienup
algorithms (see, e.g., [29]). In the past decade, a number of
algorithms with theoretical guarantees have been developed.
Notable examples inlcude the convex Phaselift algorithm [8],
[11], the non-convex Wirtinger flow and several variants [10],
[15], [75], [78], Phasemax [2], [34], among others [58], [73],
[74]. Specifically, note that most non-convex solvers rely on
spectral methods to find a good initialization, and then execute
gradient descent for further improvement. Some of these algo-
rithms have also been adapted to solve sparse phase retrieval
where the signal is k-sparse; see, e.g., [6], [41], [48], [58],
[76]. However, all these algorithms require Õ(k2) phaseless
measurements that are higher than the information-theoretic
optimal sample complexity O(k log( enk )) [28], [47]. It remains
an open problem if there exists an efficient algorithm that can
recover any k-sparse signal from a near-optimal number of
measurements. See [39], [69] for more in-depth reviews of
phase retrieval.

Notation:
We shall first introduce some notation that are used through-

out the paper. We use boldface letters to denote vectors
and matrices, regular letters to denote scalars. We mea-
sure the difference of u,v ∈ Rn by the phaseless ℓ2-
norm dist(u,v) = min{∥u − v∥2, ∥u + v∥2}, the direc-
tional error distd(u,v) = dist

(
u

∥u∥2
, v
∥v∥2

)
and error in

norm distn(u,v) = |∥u∥2 − ∥v∥2|. For a matrix M, we
work with its Frobenius norm ∥M∥F and operator norm
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1-Bit Compressed
Sensing

1-Bit Phase
Retrieval

1-Bit Sparse Phase
Retrieval

Problem Setup
sign(Ax)

→ x ∈ Σnk ∩ Sn−1
sign(|Ax| − τ)
→ α ≤ ∥x∥2 ≤ β

sign(|Ax| − τ)
→ x ∈ Σnk , ∥x∥2 ∈ [α, β]

Optimal Rate ∥x̂− x∥2 = Õ(k/m)
[38, Thms 1–2]

dist(x̂,x) = Õ(n/m)
Our Thms 2–3

dist(x̂,x) = Õ(k/m)
Our Thms 2–3

Optimal and
Efficient Algorithm

NBIHT with
m = Õ(k) [51]

Alg 3 + Alg 1
with m = Õ(n)
Our Thms 6, 4

Alg 4 + Alg 2
with m = Õ(k2)
Our Thms 7, 5

Other Algorithms
with guarantee

suboptimal and no
faster than Õ(

√
k/m)

N/A
see also Remark 9 N/A

TABLE I
A COMPARISON BETWEEN 1-BIT COMPRESSED SENSING (COLUMN 2) AND OUR RESULTS ON 1-BIT PHASE RETRIEVAL OF UNSTRUCTURED SIGNALS

(COLUMN 3) AND SPARSE SIGNALS (COLUMN 4). READERS MAY CONSULT [14, TABLE 1] FOR A REVIEW OF OTHER (SUBOPTIMAL) 1-BIT COMPRESSED
SENSING ALGORITHMS.

∥M∥op. Let the Lp-norm of a random variable X be
∥X∥Lp = (E|X|p)1/p, then we define its sub-Gaussian
norm by ∥X∥ψ2

:= supp≥1
∥X∥Lp√

p , sub-exponential norm by

∥X∥ψ1 := supp≥1
∥X∥Lp

p . The sub-Gaussian norm extends
to random vector X ∈ Rn by taking supremum over all
1-dimensional margins ∥X∥ψ2

= supv∈Sn−1 ∥v⊤X∥ψ2
. We

denote the cardinality of the set S by |S|. For K ⊂ Rn, we
let its radius be rad(K) = supu∈K ∥u∥2 and the secant set
by K− = K − K; we also let PK be the projection onto
K under ℓ2-norm. We let Bn2 = {u ∈ Rn : ∥u∥2 ≤ 1}
denote the standard Euclidean ball, and more generally write
Bn2 (v; r) = {u ∈ Rn : ∥u − v∥2 ≤ r}. Throughout the
work, x,A, τ,y are reserved for the underlying signal, the
sensing matrix, the fixed quantization threshold in 1-bit phase
retrieval, and the 1-bit observations, respectively. We also use
C,C1, C2, c, c1, c2, ... to denote constants whose values may
differ in each appearance. It is important to note that these
constants may only depend on (α, β, τ), where β ≥ α > 0
are bounds on the signal norm (see (3) below) and τ is the
quantization threshold, otherwise stated. We write T1 = O(T2)
or T1 ≲ T2 if T1 ≤ C1T2 for some constant C1, T1 = Ω(T2)
or T1 ≳ T2 if T1 ≥ c2T2 for some constant c2 > 0, and
T1 ≍ T2 if T1 = O(T2) and T1 = Ω(T2) simultaneously
hold. Note that Õ(·) is the less precise version of O(·) which
ignores logarithmic factors.

Outline:
The rest of the paper is organized as follows. We first

present the main theoretical findings in the next section.
Sections III and IV provide the general frameworks and main
arguments for our results. Due to the highly technical nature of
our proofs, further details are relegated to the Appendix. Our
theories are complemented by experimental results in Section
V. Section VI closes the paper with a few concluding remarks.

II. MAIN RESULTS

We shall begin with a roadmap of our main results:
Information-theoretically, Theorem 1 establishes a geometric
result on phaseless random hyperplane tessellation, Theorem 2

provides performance guarantees for (constrained) Hamming
distance minimization, and Theorem 3 gives matching lower
bounds for the reconstruction of unstructured and sparse
signals. Computationally, Theorems 4 and 5 show that Al-
gorithms 1 and 2 achieve near-optimal local recovery of un-
structured and sparse signals, respectively. Finally, Theorems
6 and 7 provide guarantees of spectral initializations that
complement the local convergence guarantees.

A. Information-Theoretic Bounds

The first question that we address in this paper is the
information-theoretical aspect of 1-bit phase retrieval:

How well can we recover x from
y = sign(|Ax| − τ)?

Note that the sign of x is not identifiable, we shall therefore
consider measuring the difference between u,v ∈ Rn by
dist(u,v) = min{∥u−v∥2, ∥u+v∥2}. We assume throughout
the paper that the underlying signals reside in a given annulus

Aα,β := {u ∈ Rn : α ≤ ∥u∥2 ≤ β}, (3)

for some constants 0 < α ≤ β < ∞. In other words, we
assume that the signals are bounded away from zero and
infinity in Euclidean norm.

We first derive an upper bound for 1-bit phase retrieval
of generally structured signals. More specifically, we assume
that the signals reside in K, an arbitrary subset of Aα,β that
encodes potential signal structure. Of particular interest to us
later on are the 1-bit phase retrieval of unstructured signals
x ∈ K := Aα,β , and 1-bit sparse phase retrieval where
x ∈ K := Σnk ∩ Aα,β . Here, Σnk denotes the set of k-
sparse vectors in Rn, and we also write Σn,∗k = Σnk ∩ Sn−1.
Moreover, we allow for a ζ-fraction of adversarial corruption,
under which we are only able to observe the corrupted bits ŷ
obeying dH(ŷ,y) ≤ ζm, where dH(u,v) =

∑m
i=1 1(ui ̸= vi)

denotes the hamming distance between u = (ui),v =
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(vi) ∈ {−1, 1}m. Our upper bound is attained by constrained
hamming distance minimization

x̂hdm ∈ argmin dH
(
sign(|Au| − τ), ŷ

)
, subject to u ∈ K,

(4)

and hence is of information-theoretic nature due to the com-
putational infeasibility of (4).

We pause to introduce some geometric notions. Recall that a
hyperplane with a normal vector a ∈ Rn and a shift parameter
τ is defined as Ha,τ = {u ∈ Rn : a⊤u = τ}. For some τ > 0,
we will work with a pair of symmetric hyperplanes

H|a| = {u ∈ Rn : |a⊤u| = τ} = Ha,τ ∪Ha,−τ , (5)

referred to as a phaseless hyperplane and denoted by H|a|
hereafter for convenience (we drop the dependence on the
given τ for short). Note that H|a| separates Rn into two subsets
(sides):

H+
|a| := {u ∈ Rn : |a⊤u| ≥ τ},

H−
|a| := {u ∈ Rn : |a⊤u| < τ}.

We refer to this as a phaseless separation in that u and −u
always live in the same side of H|a|. An arrangement of m
phaseless hyperplanes, say {H|a1|, ...,H|am|}, separates the
set K into different cells, each taking the form K ∩ H∗

|a1| ∩
H∗

|a2|∩...∩H
∗
|am| where H∗

|ai| = H+
|ai| or H−

|ai|. We shall refer
to this as a phaseless hyperplane tessellation of K, see Figure 1
for an intuitive graphical illustration and the comparison with
the usual hyperplane tessellation.

The analysis of (4) is closely related to phaseless hyperplane
tessellation of the signal set K. The connection can be best
illustrated in the absence of corruption: in this case, x̂hdm can
be geometrically interpreted as any signal in K that lives in the
same cell with x under the tessellation posed by {H|ai|}mi=1; as
a result, achieving uniform recovery up to some accuracy ρ via
(4), namely dist(x̂hdm,x) ≤ ρ uniformly over all x ∈ K, is
equivalent to all the cells in the tessellation of K by {H|ai|}mi=1

having diameter (with respect to dist(·, ·)) no larger than ρ.
To ensure that the cells are uniformly small, our first

main result shows that the required number of Gaussian
phaseless hyperplanes is proportional to the “complexity” of
K, which is jointly captured by Gaussian width ω(K) :=
Eg∼N (0,In) supu∈K |⟨g,u⟩| and metric entropy H (K, r) :=
logN (K, r); here, N (K, r) denotes the minimal number of
radius-r ℓ2-balls Bn2 (r) := {u ∈ Rn : ∥u∥2 ≤ r} for
covering K (i.e., covering number). We will also work with
the localization of K given by K(r) := (K −K) ∩ Bn2 (r).

Theorem 1 (Local Binary Phaseless Embedding). Suppose
a1, ...,am are i.i.d. N (0, In) vectors. Given a symmetric set
K ⊂ Aα,β and some sufficiently small r satisfying rm ≥ C0

for some constant C0 ≥ 1, we let r′ = c1r
log1/2(r−1)

for some
small enough c1. For some constants (C2, C3, c4, C5, c6), if

m ≥ C2

(ω2(K(3r′/2))

r3
+

H (K, r′)

r

)
, (6)

then with probability at least 1−C3 exp(−c4rm) the following
two events Es and El hold:

• Event Es: For any u,v ∈ K with dist(u,v) ≤ r′

2 we have

dH
(
sign(|Au| − τ), sign(|Av| − τ)

)
≤ C5rm;

• Event El: For any u,v ∈ K with dist(u,v) ≥ 2r we have

dH
(
sign(|Au| − τ), sign(|Av| − τ)

)
≥ c6m dist(u,v).

While there are parallel results for random hyperplane
tessellation in the 1-bit compressed sensing literature [23],
[60], we will need a novel probabilistic observation to prove
Theorem 1. See Lemma 1. The performance bound for (con-
strained) hamming distance minimization readily follows from
Theorem 1.

Theorem 2 (Recovery via Hamming Distance Minimization).
Suppose that the entries of A are i.i.d. drawn from N (0, 1),
K is a given symmetric set contained in Aα,β . Suppose
dH(ŷ, sign(|Ax| − τ)) ≤ ζm and x̂hdm is defined by (4).
Given some small ϵ such that ϵm ≥ C0 for some constant C0,
we let ϵ′ = c1ϵ

log1/2(ϵ−1)
for some small enough c1. Then for

some constants (C1, C2, C3, c4), provided that

m ≥ C1

(ω2(K(3ϵ′/2))

ϵ3
+

H (K, ϵ′)

ϵ

)
, (7)

the event

dist(x̂hdm,x) ≤ 2ϵ+ C2ζ, ∀x ∈ K

holds with probability at least 1− C3 exp(−c4ϵm).

By analyzing an intractable program, Theorem 2 provides
an achievable reconstruction accuracy for 1-bit phase retrieval.
Specifically, a measurement number of order O

(ω2(K(3ϵ′/2))

ϵ3 +
H (K,ϵ′)

ϵ

)
is information theoretically sufficient for achieving

a uniform accuracy of ϵ in the corruption-free setting with
ζ = 0. The explicit error rates in the following remark can
be obtained by substituting standard bounds on the Gaussian
width and the metric entropy; see Lemma 24.

Remark 1. In the corruption-free setting where ŷ = y =
sign(|Ax| − τ), Theorem 2 implies the attainability

sup
x∈Aα,β

dist(x̂hdm,x) = O
( n

m
log

m

n

)
for recovering unstructured signals, and the attainability

sup
x∈Σn

k∩Aα,β

dist(x̂hdm,x) = O
( k

m
log

mn

k2

)
for recovering sparse signals.

In the following, both rates in Remark 1 are shown to be
optimal up to a logarithmic factor.

Theorem 3 (Information-Theoretic Lower Bound). Let V be
a ν-dimensional subspace in Rn. Suppose we seek to recover
x ∈ V ∩Aα,β from y = sign(|Ax|−τ) with given β > α and
arbitrary measurement matrix A ∈ Rm×n. Suppose m ≥ ν,
then for any decoder which, takes y as input and returns x̂ as
an estimate of x, we have supx∈V∩Aα,β

dist(x̂,x) ≥ cν
m for

some constant c depending on (α, β, τ).

Remark 2. Taking V = Rn in Theorem 3 yields a lower bound
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Fig. 1. Graphical illustrations for the classical hyperplane tessellation (Left) and our proposed phaseless hyperplane tessellation (Right). In the left figure,
the standard sphere {x2

1 + x2
2 = 1} in R2 is separated into 4 cells by two hyperplanes that pass through (0, 0)⊤, providing geometric understanding of the

standard 1-bit compressed sensing problem (e.g., [60], [63], [64]). In the right figure, the annulus A1,
√

2 = {1 ≤ x2
1 + x2

2 ≤ 2} in R2 is separated into 4

cells by two phaseless hyperplanes with a common shift τ =
√

3/2, which reflects the geometric aspect of 1-bit phase retrieval.

supx∈Aα,β
dist(x̂,x) = Ω

(
n
m

)
for recovering unstructured

signals. Similarly, by taking V = Rk×{0n−k} that is a subset
of Σnk we derive the lower bound supx∈Σn

k∩Aα,β
dist(x̂,x) =

Ω
(
k
m

)
for recovering sparse signals. These bounds match the

attainability bounds in Remark 1, up to a logarithmic factor.

Theorems 2–3 provide clear understanding on the
information-theoretic aspect of 1-bit (sparse) phase retrieval.
Since the error rate Õ( km ) was also shown to be optimal for
1-bit compressed sensing in [38], we arrive at an intriguing
takeaway message that phases are non-essential for 1-bit
compressed sensing. More precisely, when losing all phase
information, we can simply shift the quantization threshold to
fully preserve the ability to recover sparse signals from the
1-bit measurements; in fact, this additionally enables norm
reconstruction. While this message is concluded from an
information-theoretic perspective, shortly it will be comple-
mented by experimental results.

B. Efficient Near-Optimal Algorithms

Note that x̂hdm is infeasible to compute, hence the following
computational question remains unaddressed:

Can we achieve the optimal error rates for
recovering unstructured or sparse signals

via efficient algorithms?

We shall show that (thresholded) gradient descent with respect
to the one-sided ℓ1-loss can achieve the near-optimal error
rates.

1) Recovering Unstructured Signals
In general, the computational difficulty of (4) can be at-

tributed to the two sources of nonconvexity: the hamming
distance loss function and the feasible set K. Interestingly, for
unstructured signals, it suffices to convexify the loss function.

A common way to do so is to replace the hamming distance
loss with the one-sided ℓ1-loss

L(u) = 1

m

m∑
i=1

max
{
0,−yi(|a⊤i u| − τ)

}
=

1

2m

m∑
i=1

[
||a⊤i u| − τ | − yi(|a⊤i u| − τ)

]
.

The (sub-)gradient of L at u can be computed explicitly:

∂L(u) = 1

2m

m∑
i=1

(sign(|a⊤i u| − τ)− yi) sign(a
⊤
i u)ai (8a)

=
1

2m

m∑
i=1

(
sign(|a⊤i u| − τ)− sign(|a⊤i x| − τ)

)
sign(a⊤i u)ai.

(8b)

As an attempt to minimize L(u), we propose to perform
gradient descent with step size η in the t-th iteration, as
formalized in Algorithm 1.

Algorithm 1 Gradient Descent for 1-bit Phase Retrieval (GD-
1bPR)
Input: model data (A,y, τ), initialization x(0), step size η
(η =

√
πe
2 τ by default)

For t = 1, 2, 3, · · · do

x(t) = x(t−1) − η · ∂L(x(t−1)). (9)

Remark 3. While we assume the existence of some β ≥ α > 0
for constraining signal norms, it is worth noting that Algorithm
1, in fact all algorithms presented in this section, does not
require knowing α and β a priori.

The following result shows that Algorithm 1 converges lin-
early to a solution with near-optimal estimation error, provided
that x(0) is close enough to ±x. We note that our Theorem 4
and the forthcoming Theorem 5 are uniform in nature.
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Theorem 4 (GD-1bPR is Near-Optimal). We consider the it-
eration sequence {x(t)}∞t=0 produced by Algorithm 1. Suppose
m ≥ C1n holds with a sufficiently large C1, x ∈ Aα,β

is the desired signal, and the initialization x(0) satisfies
dist(x(0),x) ≤ c2

log1/2(m
n )

for some small enough c2. If GD-

1bPR is executed with η =
√

πe
2 τ , then the following state-

ment holds with probability at least 1−C3 exp(−c4n log(mn )):
universally for any x ∈ Aα,β , we have

dist(x(t),x) ≤ C5n

m
log2

(m
n

)
, ∀t ≥ C6 log

(m
n

)
for some constants C5, C6.

Remark 4. We focus on the noiseless case to keep the
presentation concise. We will note in Section VI how to further
establish the robustness of Algorithms 1–2 to adversarial bit
flips.

Remark 5. Note that in similar non-convex algorithms for
phase retrieval (e.g., [10], [15], [75], [78]), the initial guess
x(0) only needs to satisfy dist(x(0),x) ≤ c for some small
enough c. In contrast, our Theorem 4 requires the slightly more
stringent dist(x(0),x) ≲ (log(mn ))

−1/2. Such logarithmic
scaling helps ensure that the “double separation probability”
is exponentially smaller than the “separation probability”,
which will be useful in bounding the higher-order component
of the sub-gradient; see Lemma 17.

2) Recovering Sparse Signals
To accurately recover sparse signals from m phaseless bits

that might be much fewer than the ambient dimension n, it
is imperative to enforce the sparsity constraint. To this end,
we shall consider the following iterative hard thresholding
procedure.

Algorithm 2 Binary Iterative Hard Thresholding for 1-bit
Sparse Phase Retrieval (BIHT-1bSPR)

Input: model data (A,y, τ), sparsity k, initialization x(0) ∈
Σnk , step size η (η =

√
πe
2 τ by default)

For t = 1, 2, 3, · · · do

x̃(t) = x(t−1) − η · ∂L(x(t−1)); (10a)

x(t) = T(k)(x̃(t)), (10b)

where T(k)(u) zeros out all entries of u except for the top
k-largest ones in absolute value.

By interpreting T(k) as the projection onto Σnk , the above
algorithm can also be viewed as a procedure of projected
gradient descent. Similar to Theorem 4, the following theorem
shows that BIHT-1bSPR is near-optimal for 1-bit sparse phase
retrieval.

Theorem 5 (BIHT-1bSPR is Near-Optimal). We consider the
iteration sequence {x(t)}∞t=0 produced by Algorithm 2 with
η =

√
πe
2 τ . Suppose m ≥ C1k log(

mn
k2 ) log(mk ) holds with

sufficiently large C1, x ∈ Σnk ∩ Aα,β is the desired signal,
and the initialization x(0) satisfying dist(x(0),x) ≤ c2

log1/2(m
k )

for some small enough c2 is provided. If

max
{

max
w∈[ τ

1.01β ,
τ

0.99α ]

∣∣∣1− w3 exp
(1− w2

2

)∣∣∣,
max

w∈[ τ
1.01β ,

τ
0.99α ]

∣∣∣1− w exp
(1− w2

2

)∣∣∣} ≤ 0.49, (11)

then the following statement holds with probability at least 1−
C3 exp(−c4k log(

mn
k2 )): Universally for any x ∈ Σnk ∩Aα,β ,

we have

dist(x(t),x) ≤ C5k

m
log
(mn

k2
)
log
(m
k

)
, ∀t ≥ C6 log(

m

k
)

for some constants C5, C6.

Remark 6. We elucidate on the condition (11) which trans-
lates into certain ratio conditions (i.e., τα ≤ ξ1 and β

τ ≤ ξ2 for
some positive thresholds ξ1, ξ2 > 1), and is not seen in the
unstructured case. Specifically, for some function F (η, a, b)
we show “∥x(t) − x∥2 ≤ supa,b F (η, a, b) · ∥x(t−1) − x∥2 +
other terms” for GD-1bPR, but only have “∥x(t) − x∥2 ≤
2 supa,b F (η, a, b) · ∥x(t−1) − x∥2 + other terms” for BIHT-
1bSPR, with extra leading factor 2 arising as the result of hard
thresholding. This means that supa,b F (η, a, b) < 1 suffices
to ensure the contraction of GD-1bPR, while we will need
supa,b F (η, a, b) < 1

2 for BIHT-1bSPR, which gives rise to
(11). This creates a gap between the practical algorithm BIHT-
1bSPR and the intractable decoder (4) since the latter does not
require ratio conditions of this type. It is possible to relax (11)
by using adaptive step size or tighter hard thresholding bound,
which we do not attempt here. It would be of greater interest to
study whether (11) is some fundamental algorithmic barrier
or simply a proof artifact that can be completely removed,
which we leave as an open question.

Remark 7. Since the ratio conditions from (11) require a
properly chosen τ , an important practical issue is the tuning
of τ . We shall provide some brief discussion here (while noting
that a fuller account is beyond the scope of this theoretical
work). For the (non-uniform) recovery of a specific x, we can
set α = β = ∥x∥2, and to fulfill (11) we shall choose τ
as an accurate estimator of ∥x∥2; suppose that it is feasible
to collect some unquantized phaseless measurements {yi =
|a⊤i x|}

n0
i=1 before the quantization of {yi = |a⊤i x|}ni=n0+1,

then one can set τ =
√

π
2

1
n0

∑n0

i=1 yi, and standard concen-
tration argument shows that n0 = O(log n) suffices to ensure
(with high probability) that (1− c′)∥x∥2 ≤ τ ≤ (1 + c′)∥x∥2
for some small c′ > 0.

3) Spectral Initialization
We proceed to discuss how a good initialization can be ob-

tained via spectral methods. First observe that x
∥x∥2

is the lead-
ing eigenvector of the expectation of Ŝx = 1

m

∑m
i=1 yiaia

⊤
i .

We can then initialize the “direction” of x by the leading
eigenvector of Ŝx. Additionally, note that the expectation of
λ̂x = 1

m

∑m
i=1 1(yi = 1) equals to P

(
|a⊤i x| ≥ τ

)
=

2Φ(− τ
∥x∥2

), where Φ is the cumulative distribution function of
standard Gaussian variable. We can therefore estimate ∥x∥2 by
λ̂SI := −τ/Φ−1( λ̂x

2 ). We thus propose the following spectral
initialization:
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Algorithm 3 Spectral Initialization for 1-bit Phase Retrieval
(SI-1bPR)
Input: Model data (A,y, τ)
Estimate x

∥x∥2
: Compute v̂SI as the normalized leading eigen-

vector of Ŝx = 1
m

∑m
i=1 yiaia

⊤
i

Estimate ∥x∥2: Compute λ̂SI =
−τ

Φ−1( λ̂x
2 )

Output: Spectral initialization x̂SI = λ̂SIv̂SI

While drawing the inspiration from the population level, we
obtain the non-asymptotic error rate of Algorithm 3 as follows.

Theorem 6 (Guarantees for SI-1bPR). Under standard Gaus-
sian A, we let x̂SI be the spectral estimator in Algorithm 3.
Suppose that m ≥ C1n for sufficiently large C1. Then, for a
fixed x ∈ Aα,β we have

P

(
dist(x̂SI,x) ≤ C2

√
n

m

)
≤ 1− exp(−c3n).

We also have a uniform bound

P

(
sup

x∈Aα,β

dist(x̂SI,x) ≤ C4

√
n log(mn )

m

)
≥ 1− exp

(
− c5n log(

m

n
)
)
.

Remark 8. Combining Theorem 4 and Theorem 6, it imme-
diately follows that Algorithm 1 initialized by Algorithm 3
provides an efficient near-optimal algorithm for 1-bit phase
retrieval, which uniformly recovers all unstructured signals
in Aα,β to the accuracy O( nm log2(mn )) under the sample
complexity m = O(n).

Remark 9. There exist related results from [25] who derived
non-asymptotic guarantees for a different 1-bit phase retrieval
model with “heavier” sensing ensemble

yi = sign
(
∥Pix∥22 −

1

2

)
, i = 1, 2, · · · ,m,

where Pi denotes the projection onto the i.i.d. uniformly dis-
tributed (n2 )-dimensional linear subspace Vi, and the signal x
resides in Sn−1. Their estimator essentially returns the leading
eigenvector of 1

m

∑m
i=1 yiPi and was proved to achieve a

comparable non-uniform error rate O((n log(n)
m )1/2) but an

essentially worse uniform error rate O(n( log(m)
m )1/2). We also

note in passing that the fundamental limit of Algorithm 3 can
be derived from the theories in [50], [54].

Now let us proceed to the spectral initialization for sparse
signal. Note that the non-zero coordinates of x can be iden-
tified with the k largest diagonal entries of E(Ŝx). We shall
therefore estimate the support supp(x) = {i ∈ [n] : xi ̸= 0}
by the set of indices, Sx, corresponding to the k largest
diagonal entries of Ŝx. It then suffices to invoke Algorithm
3 by restricting to the support estimate, leading to the spectral
initialization in Algorithm 4.

In the following theorem, we provide theoretical guarantees
for initializing sparse signals via Algorithm 4.

Theorem 7 (Guarantees for SI-1bSPR). Under standard

Algorithm 4 Spectral Initialization for 1-bit Sparse Phase
Retrieval (SI-1bSPR)
Input: Model data (A,y, τ) and sparsity k
Estimate supp(x): Estimate supp(x) by the index set Sx

that corresponds to the k largest entries (in real value) in the
diagonal of Ŝx = 1

m

∑m
i=1 yiaia

⊤
i

Estimate x
∥x∥2

: Compute v̂SI ∈ Σnk as the normalized leading
eigenvector of [Ŝx]Sx , where [Ŝx]Sx denotes the matrix ob-
tained from Ŝx by zeroing out the rows and columns not in
Sx

Estimate ∥x∥2: Compute λ̂SI =
−τ

Φ−1( λ̂x
2 )

Output: Spectral initialization x̂SI = λ̂SIv̂SI

Gaussian A, we let x̂SI be the spectral estimator in Algorithm
4. Given a fixed x ∈ Σnk ∩ Aα,β , if m ≥ C1k

2 log n for
sufficiently large C1, then we have

P

(
dist(x̂SI,x) ≤ C2

(k2 log n
m

)1/4)
≥ 1− n−9.

If m ≥ C3k
3 log n for large enough C3, then we have a

uniform bound

P

(
sup

x∈Σn
k∩Aα,β

dist(x̂SI,x) ≤ C4

(k3 log n
m

)1/4)
≥ 1− exp

(
− c5k log

(en
k

))
.

Remark 10. We are now able to combine Theorem 5 and
Theorem 7 to establish a near-optimal guarantee for Algorithm
2 initialized by Algorithm 4. In particular, for recovering a
fixed k-sparse signal, the combined algorithm attains the near-
optimal error rate O( km log(mnk2 ) log(mk )) under the sample
complexity m ≥ Ck2 log(n) log2(mk ) for some sufficiently
large constant C. It is also worth pointing out that a higher
sample complexity O(k3 log(n) log2(mk )) is needed to achieve
uniform recovery of all k-sparse signals in Aα,β .

Remark 11. Note that the sample complexity Õ(k2) for
1-bit sparse phase retrieval is sub-optimal in light of the
information-theoretic bound. As already mentioned in Section
I, similar gap between computationally efficient algorithm and
information-theoretic limit is widely observed for sparse phase
retrieval, whose closing remains open (see, e.g., [6], [35],
[40], [41], [48], [59], [76]).

III. PROOF SKETCHES: INFORMATION-THEORETIC
BOUNDS

In this section, we establish near-matching upper bounds
and lower bounds. We first study phaseless hyperplane tes-
sellation that is closely related to (4). Given u,v ∈ Rn, we
say a phaseless hyperplane H|a| separates u and v if either
(u,v) ∈ H+

|a| × H−
|a| or (u,v) ∈ H−

|a| × H+
|a| holds. For

u,v ∈ Rn and a ∼ N (0, In), we define the probability of the
separation as

Pu,v = P
(
H|a| separates u and v

)
.



IEEE TRANSACTIONS ON INFORMATION THEORY, 2026 8

The following lemma is the most elementary ingredient that
supports our Theorem 1. It states that Pu,v is order-wise
equivalent to dist(u,v) for any (u,v) in Aα,β .

Lemma 1 (Pu,v ≍ dist(u,v) over Aα,β). There exist some
constants c, C depending only on the given β ≥ α > 0 and
τ > 0, such that c dist(u,v) ≤ Pu,v ≤ C dist(u,v), ∀u,v ∈
Aα,β .

A Proof Sketch. We note that many results on 1-bit com-
pressed sensing (e.g., [38], [60], [64]) are built upon
Pa∼N (0,In)

(
sign(a⊤u) ̸= sign(a⊤v)

)
= π−1 arccos(u⊤v),

a well-documented fact from, e.g., [33]. Nonetheless, we
are not aware of prior work implying Lemma 1, thus an
independent proof is needed. We make use of the equivalence
dist(u,v) ≍ distd(u,v) + distn(u,v) from Lemma 20, and
then decompose Pu,v into the sum of two integrals Iu,v + Ju,v
in (41). Then, we separately show Iu,v ≍ distn(u,v) and
Ju,v ≍ distd(u,v) by establishing two-sided bounds. The
complete proof can be found in Appendix A-B.

Armed with Lemma 1, the proof of Theorem 1 follows
similar courses in [23], [60], except that we work with
dist(·, ·) rather than ∥u−v∥2 and hence need to adjust certain
arguments with cautiousness. We relegate the complete proof
to Appendix A-A.

Upper bound:
Our recovery guarantee for (4) can be proved by Event El

in Theorem 1, which essentially states that large dist(u,v)
implies large dH(sign(|Au| − τ), sign(|Av| − τ)).

Proof of Theorem 2. To get started, under (7), Theorem 1 with
r = ϵ gives the following event with the promised probability:

dH(sign(|Au| − τ), sign(|Av| − τ)) ≥ cm dist(u,v),

∀u,v ∈ K obeying dist(u,v) ≥ 2ϵ (12)

for some c > 0. Note that we only need to consider
dist(x̂hdm,x) > 2ϵ; we are done otherwise. Then, apply-
ing (12) to (u,v) = (x̂hdm,x) gives dH

(
sign(|Ax̂hdm| −

τ), sign(|Ax| − τ)
)
≥ cmdist(x̂hdm,x). Next, we use the

assumption dH(ŷ, sign(|Ax| − τ)) ≤ ζm, along with triangle
inequality and the optimality of x̂hdm, to obtain

dH
(
sign(|Ax̂hdm| − τ), sign(|Ax| − τ)

)
≤ dH

(
sign(|Ax̂hdm| − τ), ŷ

)
+ dH

(
sign(|Ax| − τ), ŷ

)
≤ 2dH

(
sign(|Ax| − τ), ŷ

)
≤ 2ζm.

Taken collectively, we obtain dist(x̂hdm,x) ≤ 2ζm
cm = 2ζ

c and
arrive at the desired claim.

Lower bound:
We move on to the main techniques for proving the lower

bound in Theorem 3. Without loss of generality, we can
specify the ν-dimensional subspace V = V0 := {u =
(u1, ..., uν , uν+1, ..., un)

⊤ : ui = 0, ν + 1 ≤ i ≤ n}.
The lower bound is proved by a counting argument. First
we seek an upper bound Ŭ on the number of quantized
measurement vectors. That is, we need to bound |MA| where
MA = {sign(|Ax| − τ) : x ∈ V0 ∩Aα,β}. To address this,

we first linearize the phaseless measurements by considering
the set of measurements

M̃A =

{[
sign(Ax+ τ)

sign(Ax− τ)

]
: x ∈ V0

}
=
{
sign(Ãx+ τ̃ ) : x ∈ V0

}
, where Ã = [AA ], τ̃ =

[
τ1
−τ1

]
.

It obviously holds that |M̃A| ≥ |MA|, so it suffices to bound
|M̃A|. Since ÃV0+ τ̃ is a ν-dimensional affine space in R2m

(here, affine space refers to a linear subspace with possibly
non-zero shift), we seek to bound the maximal number of
orthants intersected by an affine space. Specifically the lemma
below gives |MA| ≤ |M̃A| ≤ (2emν )ν .

Lemma 2. Let Im,k be the maximal number of orthants in
Rm intersected by a k-dimensional affine space, then we have
Im,k ≤ ( emk )k.

Proof. The proof can be found in Appendix E-B.

We then construct a packing set contained in V0 ∩ Aα,β
with cardinality larger than L̆, such that any two different
points u and v in this set satisfy dist(u,v) ≥ ϵ. This can
be achieved by a standard volume argument, and the details
appear in Appendix A-C. Therefore, the condition Ŭ ≥ L̆ is
necessary for any algorithm to reconstruct all x ∈ V0∩Aα,β to
an accuracy of ϵ

2 . This condition immediately gives the lower
bound.

IV. PROOF SKETCHES: EFFICIENT ALGORITHMS

We introduce a generic notation

h(u,v) := (13)

1

2m

m∑
i=1

[
sign(|a⊤i u| − τ)− sign(|a⊤i v| − τ)

]
sign(a⊤i u)ai

for the gradient ∂L(u) in (8). With respect to a specific
underlying signal x, we have ∂L(u) = h(u,x). We focus on
the proofs of Theorems 4–5 concerning the local convergence
to the sharp error rates. The proofs of the Theorems 6–7 are
more standard and appear in Appendix E.

A. PLL-AIC Implies Convergence

Our convergence guarantees are built upon a deterministic
property on the interplay among several parties: the Gaussian
matrix A, the quantization threshold τ , some cone C (C = Rn
for GD-1bPR, C = Σnk for BIHT-1bSPR) and the step size η.
We let C− := C − C and begin with the formal definition of
this property.

Definition 1 (Phaseless Local Approximate Invertibility Con-
dition (PLL-AIC)). Given β1 ≥ α1 > 0 and τ > 0, a measure-
ment matrix A = [a⊤1 , · · · ,a⊤m]⊤ ∈ Rm×n, a cone C, a step
size η, and certain non-negative scalars δ = (δ1, δ2, δ3, δ4)

⊤,
we say (A, τ, C, η) respects (α1, β1, δ)-PLL-AIC if

∥PC−(u− v − η · h(u,v))∥2
≤ δ1∥u− v∥2 +

√
δ2 · ∥u− v∥2 + δ3,

∀u,v ∈ C ∩Aα1,β1
obeying ∥u− v∥2 ≤ δ4,
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where h(u,v) is defined through A and τ in (13).

Remark 12. In Definition 1, phaseless indicates that the
condition is designed for phase retrieval, whereas local reflects
the parameter δ4 and the relevant constraint ∥u− v∥2 ≤ δ4.
Following [31], [51], we term this property an approximate
invertibility condition (AIC). When C is a low-dimensional
cone (e.g., Σnk ), one may further refer to it as a restricted
approximate invertibility condition (RAIC).

Despite the simple ideas behind Algorithm 1–2, the theoret-
ical analysis remains highly challenging due to the presence
of multiple unusual bits in the gradient h(u,v). PLL-AIC will
prove useful in that it implies the local convergence of GD-
1bPR and BIHT-1bSPR to certain error rates.

Lemma 3 (PLL-AIC Implies Convergence of GD-1bPR). Sup-
pose that (A, τ,Rn, η) respects (α2 , 2β, δ = (δ1, δ2, δ3, δ4)

⊤)-
PLL-AIC for some δ1 ∈ [0, 1), with the involved {δi}4i=1

obeying

E(δ1, δ2, δ3) : = max
{ 16δ2
(1− δ1)2

,
4δ3

1− δ1

}
< δ4 < min

{α
2
, 1
}
.

Then for any x ∈ Aα,β , Algorithm 1 is capable of entering a
neighbourhood that surrounds ±x

Bn2
(
x;E(δ1, δ2, δ3)

)
∪ Bn2

(
− x;E(δ1, δ2, δ3)

)
(14)

with no more than ⌈ logE(δ1,δ2,δ3)
log((1+δ1)/2)

⌉ gradient descents and then
staying in (14) in later iterations, with the proviso that GD-
1bPR is executed with step sizes η, the clean phaseless bits
y = sign(|Ax| − τ) and a good initialization x(0) satisfying
dist(x(0),x) ≤ δ4.

Proof. The proof can be found in Appendix B-A.

Lemma 4 (PLL-RAIC Implies Convergence of BIHT-1bSPR).
Suppose that (A, τ,Σnk , η) respects (0.99α, 1.01β, δ =
(δ1, δ2, δ3, δ4)

⊤)-PLL-AIC for some δ1 ∈ [0, 1
2 ), with the

involved {δi}4i=1 obeying

E(δ1, δ2, δ3) : = max
{ 64δ2
(1− 2δ1)2

,
8δ3

1− 2δ1

}
< δ4 < min

{
0.01α, 1

}
.

Then for any x ∈ Σnk ∩ Aα,β , Algorithm 2 is capable of
entering a neighbourhood surrounding ±x

Bn2 (x;E(δ1, δ2, δ3)) ∪ Bn2 (−x;E(δ1, δ2, δ3)) (15)

with no more than ⌈ logE(δ1,δ2,δ3)
log(1/2+δ1)

⌉ iterations and then staying
in (15) in later iterations, with the proviso that it is executed
with step size η, the clean 1-bit observations y = sign(|Ax|−
τ) and a good initialization x(0) satisfying dist(x(0),x) ≤ δ4.

Proof. The proof can be found in Appendix B-B.

B. Gaussian Matrix Respects PLL-AIC

We have the following theorem which states (A, τ, C, η)
respects PLL-AIC when m is large enough. We introduce the
shorthand Cα,β := C ∩ Aα,β .

Theorem 8. Suppose A ∼ Nm×n(0, 1), the α, β, τ are any
given positive numbers, C is a cone in Rn. For some constants
ci’s and Ci’s depending on (α, β, τ), if r ∈ (0, c1) with
small enough c1, mr ≥ C2[H (Cα,β , r) + ω2(C(1))], then
with probability at least 1−exp(−c3H (Cα,β , r)), (A, τ, C, η)
respects (α, β, δ = (δ1, δ2, δ3, δ4)

⊤)-PLL-AIC with

δ1 = sup
a2+b2∈[α2,β2]

√
|1− ηgη(a, b)|2 + |ηhη(a, b)|2

+ c3 log
−1/8(r−1),

δ2 = C4r, δ3 = C5r log(r
−1) and δ4 = c5

log1/2(r−1)
, where

gη(a, b) =

√
2

π
exp

(
− τ2

2(a2 + b2)

)τ2a2 + b2(a2 + b2)

(a2 + b2)5/2
,

hη(a, b) =

√
2

π
exp

(
− τ2

2(a2 + b2)

)ab(a2 + b2 − τ2)

(a2 + b2)5/2
.

Remark 13. We note that this result can be established over
the so-called “star-shaped” C; see our follow-up work [14].
However, we will not pursue this since we focus on recovering
unstructured or sparse signals, as with most prior works in
phase retrieval.

We only provide an overview for the proof of Theorem 8
in the main text. Further details are postponed to Appendix C.
Before that, we shall also use Theorem 8 to prove Theorems
4–5.

Proof of Theorem 4. We specialize Theorem 8 to C = Rn,
η =

√
πe
2 τ and r = Cn

m log(mn ) with large enough C—
which can be justified by standard bounds on H (Aα,β , r) and
ω2(Bn2 ) (see Lemma 24)—to obtain the following: with prob-
ability at least 1− exp(−c1n log(mn )), (A, τ,Rn, η =

√
πe
2 τ)

respects (α2 , 2β, δ = (δ1, δ2, δ3, δ4)
⊤)-PLL-AIC with

δ1 = sup
a2+b2∈[α2/4,4β2]

√
|1− ηgη(a, b)|2 + |ηhη(a, b)|2

+
c1

log1/8(mn )
< 1− c2

for some c2 > 0 when m ≳ n (this follows from Lemma 23),
δ2 = C3n

m log(mn ), δ3 = C4n
m log2(mn ) and δ4 = c4

log1/2(m/n)
.

The statement then follows from Lemma 3.

Proof of Theorem 5. We specialize Theorem 8 to C = Σnk ,
η =

√
πe
2 τ and r = Ck

m log(mnk2 ) with large enough C—
justified by standard bounds on H (Σnk∩Aα,β , r) and ω2(Σnk∩
Bn2 ) (see Lemma 24)—to obtain the following: with probabil-
ity at least 1 − exp(−c1k log(

mn
k2 )), (A, τ,Σnk , η =

√
πe
2 τ)

respects (0.99α, 1.01β, δ = (δ1, δ2, δ3, δ4)
⊤)-PLL-AIC with

δ1 = sup
a2+b2∈[(0.99α)2,(1.01β)2]

√
|1− ηgη(a, b)|2 + |ηhη(a, b)|2

+
c1

log1/8(r−1)

= max

{
max

w∈[ τ
1.01β ,

τ
0.99α ]

|1− w3 exp(
1− w2

2
)|,

max
w∈[ τ

1.01β ,
τ

0.99α ]
|1− w exp(

1− w2

2
)|
}
+

c1
log(r−1)
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(where the second equality is due to Lemma 23), δ2 =
C2k
m log(mnk2 ), δ3 = C3k

m log(mnk2 ) log(mk ) and δ4 =
c4

log1/2(m/k)
. Under (11) and small enough r we will have

δ1 < 1
2 − c5 for some c5 > 0 depending on (α, β, τ). The

statement then follows from Lemma 4.

Outline for the proof of Theorem 8:
We build a minimal r-net of Cα,β that is denoted by Nr and

satisfies log |Nr| = H (Cα,β , r). For any u,v ∈ Cα,β we can
pick their closest points in Nr: u1 := argminw∈Nr

∥w−u∥2
and v1 := argminw∈Nr

∥w − v∥2. Then by Lemma 26 we
have

∥PC−(u− v − η · h(u,v))∥2
≤ ∥PC−(u− u1)∥2 + ∥PC−(v − v1)∥2
+ ∥PC−(u1 − v1 − η · h(u,v))∥2

≤ 2r + ∥PC−(u1 − v1 − η · h(u,v))∥2. (16)

Our further developments to bound ∥PC−(u1−v1−h(u,v))∥2
are built upon different ideas in two regimes, namely a large-
distance regime where ∥u1 − v1∥2 ≥ r, and a small-distance
regime where ∥u1−v1∥2 < r. Specifically, for ∥u1−v1∥2 ≥ r
we proceed as

∥PC−(u1 − v1 − ηh(u,v))∥2
≤ ∥PC−(u1 − v1 − ηh(u1,v1))∥2
+ η∥PC−(h(u,v)− h(u1,v1))∥2; (17)

while for ∥u1 − v1∥2 < r we begin with a simpler decompo-
sition

∥PC−(u1 − v1 − ηh(u,v))∥2
≤ ∥PC−(u1 − v1)∥2 + η∥PC−(h(u,v))∥2
< r + η∥PC−(h(u,v))∥2. (18)

Remark 14. Intuitively, the bound in large-distance regime
induces a contraction that shrinks dist(x(t),x) to the near-
optimal error, then the bound in small-distance regime ensures
that this near-optimal error rate is maintained in subsequent
iterations.

1) Large-Distance Regime (∥u1 − v1∥2 ≥ r)
In the large-distance analysis we need to precisely charac-

terize the gradient h(u,v) to show contraction.
Step 1: Bounding ∥PC−(u1 − v1 − η · h(u1,v1))∥2
Recall that δ4 ≍ 1

log1/2(r−1)
and r is small enough, and

hence we have r < δ4
2 , which then yields ∥u1 − v1∥2 ≤

∥u1−u∥2+∥u−v∥2+∥v−v1∥2 ≤ 2r+δ4 ≤ 2δ4. Combining
with ∥u1 − v1∥2 ≥ r, (u1,v1) in the large-distance regime
lives in the constraint set

N (2)
r,δ4

=
{
(p,q) ∈ Nr ×Nr : r ≤ ∥p− q∥2 ≤ 2δ4

}
. (19)

Note that (u1,v1) already lives in the finite set N (2)
r,δ4

, thus it
is enough to bound ∥p − q − η · h(p,q)∥2 for a fixed pair
(p,q) ∈ N (2)

r,δ4
and then invoke a union bound. Nonetheless,

tightly bounding ∥p−q−η ·h(p,q)∥2 for fixed (p,q) ∈ N (2)
r,δ4

remains challenging due to the presence of the unusual binary
factors. We summarize some of the key ideas as follows:

• We utilize an orthogonal decomposition of the random
vector p − q − η · h(p,q), along with some algebraic
manipulation on Xp,q

i := [sign(|a⊤i p|−τ)−sign(|a⊤i q|−
τ)] sign(a⊤i p), to break down the problem into more
manageable pieces. Note that we can write h(p,q) =
1

2m

∑m
i=1 X

p,q
i ai.

• To derive tight concentration bounds for each piece,
we observe that a small ∥p − q∥2 implies a small
dH(sign(|a⊤i p| − τ), sign(|a⊤i q| − τ)), and the number
of non-zero contributors to h(p,q) is indeed much fewer
than m. This inspires us to establish bounds conditioning
on the hamming distance (|Rp,q| below) first.

Let us delve into the details in the following.
Simplifying the gradient:

For the m contributors to h(p,q), only the ones in

Rp,q = {i ∈ [m] : sign(|a⊤i p| − τ) ̸= sign(|a⊤i q| − τ)}
(20)

are non-zero. Note that Rp,q collect the indexes corresponding
to the phaseless separations induced by the phaseless hyper-
plane {H|ai|}mi=1. For i ∈ Rp,q we can also simplify Xp,q

i

as

Xp,q
i = [sign(|a⊤i p| − τ)− sign(|a⊤i q| − τ)] sign(a⊤i p)

= 2 sign(|a⊤i p| − |a⊤i q|) sign(a⊤i p)
= 2 sign(a⊤i p− |a⊤i q| sign(a⊤i p))
= 2 sign

(
a⊤i p− [sign(a⊤i p) sign(a

⊤
i q)]a

⊤
i q
)
.

To allow for further reduction, we shall define another index
set Lp,q =

{
i ∈ [m] : sign(a⊤i p) ̸= sign(a⊤i q)

}
with respect

to the separations induced by hyperplanes {Hai,0}mi=1. Now
we have

Xp,q
i = 2 sign(a⊤i (p− q)), ∀i ∈ Rp,q \ Lp,q, (21a)

Xp,q
i = 2 sign(a⊤i (p+ q)), ∀i ∈ Rp,q ∩ Lp,q. (21b)

Substituting (21) into h(p,q) = 1
2m

∑m
i=1 X

p,q
i ai yields

Equation (22). By h(p,q) = h1(p,q)+h2(p,q) and Lemma
26 we have

∥PC−(p− q− η · h(p,q))∥2
≤ ∥PC−(p− q− η · h1(p,q))∥2 + η · ∥PC−(h2(p,q))∥2,

(23)

Our subsequent development shows that ∥PC−(h2(p,q))∥2 is
negligible higher-order term compared to ∥PC−(p − q − η ·
h1(p,q))∥2 because Rp,q ∩ Lp,q is typically much smaller
than Rp,q. We will then sketch the techniques for bounding
∥PC−(p− q− η · h1(p,q))∥2.

Orthogonal decomposition:
For a specific pair (p,q) ∈ N (2)

r,δ4
, by Lemma 22 we can

pick orthonormal β1 := p−q
∥p−q∥2

, β2 ∈ Rn, such that

p = u1β1 + u2β2 and q = v1β1 + u2β2 (24)

hold for some coordinates (u1, u2, v1) obeying u1 > v1 and
u2 ≥ 0.2 This gives the following orthogonal decomposition

2Here we drop the dependence of (β1,β2) on (p,q) to avoid cumbersome
notation.
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h(p,q) =
1

2m

( ∑
i∈Rp,q\Lp,q

2 sign(a⊤i (p− q))ai +
∑

i∈Rp,q∩Lp,q

2 sign(a⊤i (p+ q))ai

)
=

1

m

( ∑
i∈Rp,q

sign(a⊤i (p− q))ai −
∑

i∈Rp,q∩Lp,q

sign(a⊤i (p− q))ai +
∑

i∈Rp,q∩Lp,q

sign(a⊤i (p+ q))ai

)
=

1

m

∑
i∈Rp,q

sign(a⊤i (p− q))ai︸ ︷︷ ︸
:=h1(p,q)

+
1

m

∑
i∈Rp,q∩Lp,q

[
sign(a⊤i (p+ q))− sign(a⊤i (p− q))

]
ai︸ ︷︷ ︸

:=h2(p,q)

. (22)

of h1(p,q):

h1(p,q) = ⟨h1(p,q),β1⟩β1 + ⟨h1(p,q),β2⟩β2

+
{
h1(p,q)− ⟨h1(p,q),β1⟩β1 − ⟨h1(p,q),β2⟩β2

}︸ ︷︷ ︸
:=h⊥

1 (p,q)

.

Combining with Lemma 26 and the symmetry of C−, we
decompose ∥PC−(p− q− η · h1(p,q))∥2 into

∥PC−(p− q− η · h1(p,q))∥2
≤
∥∥p− q− η · ⟨h1(p,q),β1⟩β1 − η · ⟨h1(p,q),β2⟩β2

∥∥
2

+ η · ∥PC−(h
⊥
1 (p,q))∥2

=
∥∥∥(∥p− q∥2 − η ·

〈
h1(p,q),

p− q

∥p− q∥2

〉)
β1

− η · ⟨h1(p,q),β2⟩β2

∥∥∥
2
+ η ·

∥∥PC−(h
⊥
1 (p,q))

∥∥
2

≤
(∣∣∣∥p− q∥2 − η ·

〈
h1(p,q),

p− q

∥p− q∥2

〉∣∣∣2
+ η2 ·

∣∣⟨h1(p,q),β2⟩
∣∣2)1/2 + η ·

∥∥PC−(h
⊥
1 (p,q))

∥∥
2
,

: = ((Tp,q
1 )2 + η2 · |Tp,q

2 |2)1/2 + η · Tp,q
3 , (25)

where in the last line we introduce Tp,q
1 := |∥p − q∥2 −

η · ⟨h1(p,q),
p−q

∥p−q∥2
⟩|, Tp,q

2 := ⟨h1(p,q),β2⟩ and Tp,q
3 :=

∥PC−(h
⊥
1 (p,q))∥2.

Bounding {Tp,q
i }3i=1:

It remains to bound Tp,q
i (i = 1, 2, 3) separately. Sub-

stituting h1(p,q) = 1
m

∑
i∈Rp,q

sign(a⊤i (p − q))ai into
Tp,q
i (i = 1, 2, 3) and conditioning on |Rp,q|, we observe

that they are the sum of |Rp,q| i.i.d. random variables that
follow certain conditional distributions. We then proceed to
show the sub-Gaussianity of these conditional distributions
and establish their concentrations around the means. Here,
showing sub-Gaussianity and calculating the means again
prove technical due to the conditioning on the unusual rare
event of “two close points p,q being separated by a Gaussian
phaseless hyperplane.” Our mechanism is to first derive the
probability density function (P.D.F.) as a handle and then
exhaustively examine every possible relative location of (p,q),
each of which typically corresponds to different conditional
distributions. With the conditional concentration ready, we
further analyze |Rp,q| via Chernoff bound to establish the un-
conditional concentration bounds. All the details are deferred
to Appendix C-A.

Step 2: Bounding ∥PC−(h(u,v)− h(u1,v1))∥2

In view of (17) we still need to uniformly control
∥PC−(h(u,v) − h(u1,v1))∥2 where u1,v1 are the points
in Nr that are closest to u,v. Compared to ∥PC−(u1 −
v1 − η · h(u1,v1))∥2, an evident challenge here is that there
are infinitely many pairs of (u,v), and in turn we need
fundamentally different idea. More specifically, we seek to
establish a tight enough bound through counting the overall
number of non-zero contributors, an idea that will be recur-
ring in subsequent development. However, when separately
examining h(u1,v1) and h(u,v), they contain |Ru1,v1

| and
|Ru,v| non-zero contributors, which are still overly numerous
and preclude us from establishing satisfactory bound using
this approach. Observing that |Ru,u1 | and |Rv,v1 | are notably
smaller than |Ru1,v1

| and |Ru,v| due to ∥u1 − u∥2 ≤ r
and ∥v1 − v∥2 ≤ r, our remedy is to instead utilize the
closeness of (u,u1) and (v,v1). To achieve this goal, we
first “decouple” (u,v) and (u1,v1), then “recouple” (u,u1)
and (v,v1) to obtain Equation (26), where we note that the
term in the right-hand side of (26a) contains no more than
|Rv,v1

| non-zero contributors, the term in (26b) contains no
more than |Ru,u1

| non-zero contributors, and the term in (26c)
contains no more than |Lu,u1

| non-zero contributors (due to
the factor sign(a⊤i u)−sign(a⊤i u1)). Therefore, we deduce that
h(u1,v1)−h(u,v) involves no more than |Rv,v1 |+|Ru,u1 |+
|Lu,u1

| effective contributors, a significant reduction from the
trivial bound |Ru1,v1

|+|Ru,v|. In what follows, Our Theorem
1 and Lemma 28 immediately imply uniform bounds on
|Rv,v1

|, |Ru,u1
| and |Lu,u1

|. These bounds are tight enough,
hence we are able to further establish satisfactory bounds by
triangle inequality and Lemma 32. All these technical details
for bounding ∥PC−(h(u,v) − h(u1,v1))∥2 are provided in
Appendix C-B.

2) Small-Distance Regime (∥u1 − v1∥2 < r)

In (18) it remains to bound ∥PC−(h(u,v))∥2 where h(u,v)
contains no more than |Ru,v| non-zero contributors. Since in
the small-distance regime we have ∥u− v∥2 ≤ ∥u− u1∥2 +
∥u1 − v1∥2 + ∥v1 − v∥2 < 3r, |Ru,v| here is order-wise as
small as |Rv,v1 | in bounding ∥PC−(h(u1,v1) − h(u,v))∥2
in large-distance regime. Therefore we can again apply the
techniques developed therein, i.e., first uniformly controlling
|Ru,v| and then invoke Lemma 32. The details can be found
in Appendix C-C.
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h(u1,v1)− h(u,v) =
1

2m

m∑
i=1

[
sign(|a⊤i v| − τ)− sign(|a⊤i v1| − τ)

]
sign(a⊤i u1)ai (26a)

+
1

2m

m∑
i=1

[
sign(|a⊤i u1| − τ)− sign(|a⊤i u| − τ)

]
sign(a⊤i u1)ai (26b)

+
1

2m

m∑
i=1

[
sign(a⊤i u)− sign(a⊤i u1)

][
sign(|a⊤i v| − τ)− sign(|a⊤i u| − τ)

]
ai, (26c)

C. Technical Comparison with NBIHT

In this subsection, we provide a technical comparison
to the analysis of NBIHT [51]. The discussions will be
based on the set of notation in the present paper, par-
ticularly with h(u,v) denoting the gradient and r denot-
ing the covering radius. In large-distance regime, the gra-
dient in NBIHT takes the much simpler form h(u,v) =
1

2m

∑m
i=1

(
sign(a⊤i u) − sign(a⊤i v)

)
ai that is amenable to

directly work with. In contrast, we encounter a more intri-
cate h(u,v) = 1

2m

∑m
i=1[sign(|a⊤i u| − τ) − sign(|a⊤i v| −

τ)] sign(a⊤i u)ai and will need to first decompose it into
h1(u,v) + h2(u,v) by examining two index sets Ru,v and
Lu,v. We thus need a set of additional technicalities such
as bounding the higher-order term h2(u,v) and the rear-
rangement (26). Another set of new challenges come from
the signals living in an annulus rather than the standard
sphere, which already adds to complication in the orthogonal
decomposition of the gradient. More prominently, we have to
consider multiple situations when analyzing the conditional
distributions, since they essentially hinge on the “relative
position” of two points. In the small-distance regime, we
seek to control ∥PC−(h(u,v))∥2 uniformly for all u,v in
K obeying ∥u − v∥2 ≤ 3r. Compared to the small-distance
analysis in [51, Section A.2] where the authors utilized a result
from [60] (see a restatement in our Lemma 28) to uniformly
bound the number of the non-zero contributors to the gradient
and then invoked the conditional concentration bounds from
large-distance regime again, we make the following observa-
tion that enables a simpler approach: unlike in large-distance
regime where sharp two-sided concentration of the directional
gradient around its mean is necessary, a uniform upper bound
(at the order of the optimal reconstruction error) suffices for
the small-distance regime, which can be achieved by directly
invoking Lemma 32 without resorting to the techniques in
large-distance regime again. This argument can be applied to
simplify the analysis of the optimality of NBIHT; see [14].
Also note that we instead use Theorem 1 to establish uniform
bound on the number of non-zero contributors in our gradient.

V. NUMERICAL EXPERIMENTS

We provide a set of numerical results to complement the the-
oretical developments. In particular, our goal is to complement
the intriguing message that “phases are not essential for 1-bit

compressed sensing”3 and demonstrate the practical merits of
the proposed algorithms. All experiments were implemented
using Matlab R2022a on a laptop with an Intel CPU up
to 2.5 GHz and 32 GB RAM. The codes are available at
https://github.com/junrenchen58/one-bit-phase-retrieval.

1-Bit Phase Retrieval v.s. 1-Bit Linear System:
We refer to the recovery of an unstructured x ∈ Sn−1 from

y = sign(Ax) as solving 1-bit linear system (1bLS). By
introducing the linear constraint −y⊤Ax

m = −∥Ax∥1

m ≤ −1
that precludes an algorithm from returning 0, we solve 1-bit
linear system by first finding a feasible point x̂ satisfying the
linear constraint diag(y)Ax̂ ≤ 0, −y⊤Ax̂

m ≤ −1 and then
use x̂

∥x̂∥2
as the final estimate. For 1-bit phase retrieval (1bPR)

that recovers unstructured x ∈ Sn−1 from the 1-bit phaseless
measurements y = sign(|Ax| − τ),4 we execute the provably
near-optimal solver GD-1bPR with x(0) found by SI-1bPR and
step size η =

√
πe
2 τ . The experimental results are reported

as log-log curves in Figure 2(Left). The results display the
theoretically optimal decay rate O(m−1), and surprisingly the
errors in the phaseless setting are smaller under the same
measurement number. More details on data generation are
provided in the caption of Figure 2.

1-Bit Sparse Phase Retrieval v.s. 1-Bit Compressed Sens-
ing:

We simulate sparse recovery and compare 1-bit compressed
sensing (1bCS) and 1-bit sparse phase retrieval (1bSPR). The
unique provably near-optimal 1bCS solver is NBIHT [51],
which is initialized by the PBP estimator [66], [77] for the
sake of fairness. To solve 1-bit sparse phase retrieval, we
perform SI-1bSPR to get x(0) and then execute BIHT-1bSPR
with η =

√
πe
2 τ . We show the experimental results in Figure

2(Right) and provide further details in the caption. Again, the
estimation errors in our phaseless setting are clearly smaller.

The Impact of τ on 1b(S)PR:
The quantization threshold τ is an important tuning param-

eter, particularly in the sparse setting (cf. Remark 7). Here we
simulate 1b(S)PR under different values of τ to empirically

3Previously, this message was mainly concluded from an information-
theoretic perspective. Here, our experiments further suggest that recovering
unstructured or sparse x from sign(|Ax|−τ) can yield smaller reconstruction
errors than from sign(Ax). This observation, however, depends on the
experimental setup, particularly the choice of the quantization threshold τ
in 1-bit phase retrieval. We also observe that 1-bit sparse phase retrieval
is generally less stable than 1-bit compressed sensing in the small-sample
regime (e.g., m ≤ 800 in Figure 2 (Right)), consistent with its higher sample
complexity; see Remark 11.

4Otherwise stated, we set τ =
√
αβ without tuning in the experiments (e.g.,

τ = 1 is used in Figure 2), and run GD-1bPR, BIHT-1bSPR and NBIHT for
150 iterations.

https://github.com/junrenchen58/one-bit-phase-retrieval
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Fig. 2. Phases are non-essential in solving 1-bit linear system (Left) and in 1-
bit compressed sensing (Right). The reported data points are averaged over 50
independent trials. In the left figure we recover x ∈ R30 uniformly distributed
over S29 from m = 200 : 300 : 2000 bits produced by Gaussian ensemble
(the same below if not specified). The right figure is for the recovery of x ∈
Σ500,∗

3 from m = 1000 : 500 : 3000 bits, whereas we feed BIHT-1bSPR
and SI-1bSPR with a (slightly) looser sparsity k = 4 to simulate an actual
setting where k is not precisely known. The signals have support uniformly
drawn from

(500
3

)
possibilities and non-zero entries uniformly distributed over

S2.

assess its impact on reconstruction performance, focusing on
signals x ∈ Sn−1. The results in Figure 3 show that both
overly small τ (e.g., τ ≤ 0.1 in the unstructured case and
τ ≤ 0.2 in the sparse case) and overly large τ (e.g., τ ≥ 2
in the unstructured case and τ ≥ 1.1 in the sparse case)
lead to significant performance degradation. At the same time,
accurate reconstruction is achieved over a relatively wide range
of τ , notably τ ∈ [0.2, 1.5] for unstructured signals and
τ ∈ [0.3, 1] for sparse signals. We also observe that sparse
recovery is generally more sensitive to the choice of τ .
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0 0.5 1 1.5 2 2.5 3
0
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1.5

Fig. 3. The impact of τ on 1bPR (Left) and 1bSPR (Right). We stick with the
experimental settings in Figure 2 but fix m = 1500. We test τ = 0.1 : 0.1 : 3
and two additional points τ = 0.01, 0.05.

Recovering Signals in an Annulus:
We further demonstrate one’s ability to recover signal norm

in 1-bit phase retrieval. Our numerical results of recovering
signals in Aα,β with β > α are presented in Figure 4. Fixing
α = 1, we observe that increasing β leads to larger estimation
errors. This appears natural as a greater number of phaseless
hyperplanes are needed to achieve a fine tessellation over a
larger signal set K. More interestingly, GD-1bPR maintains
the optimal error rate O(m−1) even when β ≫ α, as observed
from β = 10α and β = 15α in Figure 4(Left); in contrast,
the performance of BIHT-1bSPR noticeably deteriorates even
if β

α is only moderately larger than 1, see β = 2.5α and β =
3.5α in Figure 4(Right). These results are consistent with our
Theorems 4–5: compared to GD-1bPR, additional conditions
on the ratios α

τ and β
τ are required to guarantee the near-

optimality of BIHT-1bSPR.
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Fig. 4. Full Signal Reconstruction over Aα,β in 1-bit phase retrieval (Left)
and 1-bit sparse phase retrieval (Right). Each data point is averaged over in 50
independent trials. In the left figure, we recover x ∈ R30 uniformly distributed
over Aα,β from m = 500 : 500 : 2500 phaseless bits under α = 1 and
β ∈ {1, 3, 6, 10, 15}. In the right figure, we consider the same setting as in
Figure 2(Right) except that the signal x is rescaled to λx with λ uniformly
distributed over [α, β], under α = 1 and β ∈ {1, 1.2, 1.5, 2.5, 3.5}.

Recovering Natural Images:
To demonstrate the applicability of our developed theories

to large-scale real-world problems, we move on to testing GD-
1bPR in the recovery of natural images. We use the “Stanford
Main Quad” image containing 320 × 1280 pixels [10], [15]
and the “Milky Way Galaxy” image containing 1080 × 1920
pixels [10], [75], [78] that are color images with RGB three
color bands. It is obviously prohibitive in computational and
memory burden to use Gaussian sensing ensemble. As in [15],
[75], [78], we resort to a type of structured measurement called
coded diffraction patterns (CDP) [9], setting

y(l) = sign(|FD(l)x| − τ), 1 ≤ l ≤ L, (27)

with discrete Fourier transform (DFT) matrix F and diagonal
matrices D(l) as random masks. Denote the complex unit by j,
we let the diagonal entries of the masks D(l) be i.i.d. uniformly
drawn from {1,−1, j,−j}. Note that using L random patterns
generates m = nL 1-bit measurements in total. We execute
the sensing and reconstruction separately for each color band,
under the quantization threshold τ = 1

3 · (∥x
(r)∥2+ ∥x(g)∥2+

∥x(b)∥2) where x(r),x(g),x(b) denote the (vectorized) RGB
color bands. Let us denote the nL phaseless bits from CDP
by {yi = sign(|a∗ix| − τ)}nLi=1 for certain complex sensing
vectors {ai ∈ Cn : i = 1, · · · , nL}. By Wirtinger calculus
[10], [46], the (sub-)gradient of the one-sided ℓ1-loss L(u) =
1

2nL

∑nL
i=1[||a∗iu| − τ | − yi(|a∗iu| − τ)] reads

∂L(u) = 1

4nL

nL∑
i=1

(sign(|a∗iu| − τ)− yi) sign(a
∗
i z)ai.

We execute x(t) = x(t−1) − η · ∂L(x(t−1)) with step size
η =

√
2πe · τ , which can be regarded as the complex

Wirtinger flow counterpart of GD-1bPR. As before, these
gradient descent refinements are seeded with spectral method,
in which the leading eigenvector of Ŝx = 1

m

∑m
i=1 yiaia

∗
i

is approximately found by power method. The images are
displayed in Figure 5 for “Stanford Main Quad” and Figure
6 for “Milky Way Galaxy”. We achieve fairly accurate re-
construction from only L = 32 or L = 64 random patterns.
Remarkably, the recovered “Milky Way Galaxy” using L = 64
patterns and the original image are almost indistinguishable to
our eyes, as seen by comparing (a) and (e) in Figure 6. These
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results are highly impressive because, compared to the parallel
experiments conducted in prior works that used full-precision
phaseless measurements from L = 20 [10], L = 12 [15], [78],
L = 6 [75], [78] random patterns, our reasonably accurate
reconstruction is achieved from a much lower number of
phaseless bits.5 Furthermore, while our near-optimal guarantee
for GD-1bPR is proved under Gaussian measurements, it is
surprising that the relative error of recovering natural images
from the 1-bit CDP measurements also precisely follows the
optimal rate; see Figure 7. This seems to reflect a type of
universality.

VI. CONCLUDING REMARKS

We studied the reconstruction of a signal x ∈ R from
m phaseless bits {yi = sign(|a⊤i x| − τ)}mi=1, referred to as
the 1-bit phase retrieval problem. By developing a theory for
Gaussian phaseless hyperplane tessellation, we showed that
generally structured signals can be uniformly and accurately
recovered by constrained hamming distance minimization.
This result specializes to the upper bounds O( nm log(mn ))
for recovering unstructured signals and O( km log(mnk2 )) for
recovering k-sparse signals, which are tight up to logarith-
mic factors. We also investigated the computational aspect
by developing efficient near-optimal algorithms SI-1bPR and
GD-1bPR for 1bPR of unstructured signals, and SI-1bSPR
and BIHT-1bSPR for 1-bit sparse phase retrieval. We further
demonstrated the practical merits of these algorithms through
a set of numerical experiments.

While we analyzed the efficient algorithms in a noiseless
case for succinctness, it should be noted that the robust-
ness to adversarial bit flips can be obtained by slightly
more work. Suppose we observe ŷ = y + e obeying
dH(ŷ,y = sign(|Ax| − τ)) = ∥e∥0 ≤ ζm, then the cor-
rupted gradient takes the form ĥ(x(t−1),x) where ĥ(u,v) =
1

2m

∑m
i=1[sign(|a⊤i u|−τ)−sign(|a⊤i v|−τ)−ei] sign(a

⊤
i u)ai.

On the other hand, a corrupted version of the PLL-AIC
that controls ∥PC−(u − v − η · ĥ(u,v))∥2 similarly leads
to convergence of Algorithms 1–2. Since by Lemma 26
we have ∥PC−(u − v − η · ĥ(u,v))∥2 ≤ ∥PC−(u −
v − η · h(u,v))∥2 + ∥PC−(

1
2m

∑m
i=1 ei sign(a

⊤
i u)ai)∥2,

the corruption increments the reconstruction error by
∥PC−(

1
2m

∑m
i=1 ei sign(a

⊤
i u)ai)∥2; this can be bounded as

O(

√
ζω2(C(1))

m + ζ
√
log(ζ−1)) by Lemma 32, thus the final

reconstruction error is incremented by O(ζ
√
log(ζ−1)). Sim-

ilarly, one can also show the spectral methods are robust to
adversarial bit flips.

Our work is among the first rigorous studies of 1-bit phase
retrieval, and points to many interesting open questions. First,
can these results be extended to complex-valued measurement
vectors and signals? We believe this extension is possible but
also needs new techniques. Second, our practical experience

5Theoretically, it is not immediately clear how one can acquire an exact full-
precision measurement via finite bits; while experimentally, each measurement
in these works is stored as a double-precision floating point number (in
Matlab) and requires 64 bits of storage, and thus using L = 32, 64 in our
1-bit setting amounts to using L = 0.5, 1 in theirs in terms of the number
of bits in measurements!

seems to suggest that GD-1bPR with random initialization
achieves the optimal rates. It would be of great interest
to provide theoretical supports for this phenomenon by in-
vestigating the optimization landscape [70] or the iteration
dynamics [16]. Also, our simulation results suggest that (under
certain sets of parameters) 1-bit (sparse) phase retrieval can
even outperform 1-bit (compressed) sensing. Explaining this
empirical phenomenon would require a more precise error
analysis of the algorithms, which we leave for future work
(see, e.g., [12]). Furthermore, in what way can we go beyond
the Gaussian design to preserve the signal recoverability or
even the computational feasibility? What quantizer should be
used if collecting multiple bits from each measurement is
allowed? Can we potentially gain some privileges by replacing
the fixed threshold τ with random dithers? We shall leave these
tantalizing questions, among many others, for the future.

Appendix
Outline: We prove our information-theoretic results in Ap-

pendix A; we prove that PLL-AIC leads to local convergence
of GD-1bPR and BIHT-1bSPR in Appendix B; we establish
PLL-AIC for Gaussian matrix in Appendix C; the technical
lemmas which support our proofs are collected in Appendix
D; the proofs with standard arguments that are not regarded
as our main technical contributions are relegated to Appendix
E.

APPENDIX A
PROOFS FOR INFORMATION-THEORETIC BOUNDS

This appendix includes the proofs of Theorem 1, Lemma 1
and Theorem 3.

A. The Proof of Theorem 1 (Local Binary Phaseless Embed-
ding)

We first provide some preliminaries. For fixed u,v, the
performance of dH(sign(|Au| − τ), sign(|Av| − τ)) ∼
Bin(m,Pu,v) is precisely characterized by Chernoff bound.
Since the high-probability events in Theorem 1 hold uni-
versally for all pairs of (u,v) obeying certain conditions,
we invoke a covering argument to pursue the uniformity.
The major challenge arises from the discontinuity of the
quantizer, which makes it hard to assert the closeness between
dH(sign(|Au| − τ), sign(|Av| − τ)) and dH(sign(|Ap| −
τ), sign(|Aq|−τ)) even though ∥u−p∥2+∥v−q∥2 is fairly
small. To overcome the difficulty, we soften the phaseless
separation as follows.

Definition 2 (θ-Well-Separation). Given θ > 0, we say a
phaseless hyperplane H|a| θ-well-separates u,v ∈ Rn if the
following hold:

• H|a| separates u,v, i.e., sign(|a⊤u|−τ) ̸= sign(|a⊤v|−
τ);

• |a⊤u| and |a⊤v| are bounded away from the quantization
threshold τ in that

||a⊤u| − τ | ≥ θ · dist(u,v),
||a⊤v| − τ | ≥ θ · dist(u,v) (28)
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(a) Original image: Stanford Main Quad.

(b) Recovered image after SI-1bPR (L = 32): relative error = 0.478, PSNR = 11.15.

(c) Recovered image after GD-1bPR (L = 32): relative error = 0.052, PSNR = 30.42.

(d) Recovered image after SI-1bPR (L = 64): relative error = 0.469, PSNR = 11.32.

(e) Recovered image after GD-1bPR (L = 64): relative error = 0.026, PSNR = 36.42.

Fig. 5. Recovering the 320 × 1280 × 3 Stanford Main Quad image from phaseless bits produced by CDP with L = 32, 64 random patterns. We run 50
power method iterations for SI-1bPR and 100 iterations for GD-1bPR, which involves 32× 2× (50 + 100) = 9600, 64× 2× (50 + 100) = 19200 FFTs
(see [10], [15]) for each color band and completes in a few minutes.

hold.

With the additional second dot point, θ-well-separation is
stable in the following sense.

Lemma 5 (Stability of θ-Well-Separation). Given a phaseless
hyperplane H|a|, we have the following two statements:

• If ||a⊤u|−τ | > 2min
{
|a⊤(p−u)|, |a⊤(p+u)|

}
holds,

then p and u are not separated by H|a|.
• As a consequence, if H|a| θ-well-separate u and v, and

for some p,q we have min
{
|a⊤(p−u)|, |a⊤(p+u)|

}
<

θ
2 · dist(u,v) and min

{
|a⊤(q − v)|, |a⊤(q + v)|

}
<

θ
2 · dist(u,v), then H|a| separates p and q.

Proof. The proof can be found in Appendix E-B.

Note that θ-well-separation is stricter than separation due
to the additional conditions in (28). However, the probability
of θ-well-separation is order-wise the same as Pu,v if θ is
sufficiently small.

Lemma 6. Given θ > 0, u,v ∈ Rn and a ∼ N (0, In), we let
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(a) Original image: Milky Way Galaxy.

(b) Recovered image after SI-1bPR (L = 32): relative error = 0.652, PSNR = 17.49.

(c) Recovered image after GD-1bPR (L = 32): relative error = 0.058, PSNR = 38.52.

(d) Recovered image after SI-1bPR (L = 64): relative error = 0.270, PSNR = 25.14.

(e) Recovered image after GD-1bPR (L = 64): relative error = 0.029, PSNR = 44.65.

Fig. 6. Recovering the 1080 × 1980 × 3 Milky Way Galaxy image from phaseless bits produced by CDP with L = 32, 64 random patterns. We run 50
power method iterations for SI-1bPR and 100 iterations for GD-1bPR, which only takes a matter of minutes to complete. The images are subsampled to
540× 1980× 3 for display.

Pθ,u,v = P(H|a| θ-well-separates u,v). Then there exist some
c1, c2, C3 > 0 depending on (α, β, τ), such that if 0 ≤ θ < c1,
it holds that

c2 dist(u,v) ≤ Pθ,u,v ≤ C3 dist(u,v), ∀u,v ∈ Aα,β .

Proof. The proof can be found in Appendix E-B.

Proof of Theorem 1. Given r > 0 and let r′ = cr
log1/2(r−1)

for
some small enough c, we construct Nr′ as a minimal r′-net of
K with cardinality satisfying log |Nr′ | = H (K, r′). For any

u and v in K, we find p and q as the points in Nr′ being
closest to (u,v):

p = arg min
w∈Nr′

∥w − u∥2, q = arg min
w∈Nr′

∥w − v∥2. (29)

Note that ∥u− p∥2 ≤ r′ and ∥v − q∥2 ≤ r′ hold.

Deterministic arguments for establishing Es:

We work with (u,v,p) satisfying ∥u − p∥2 ≤ r′ and
dist(v,p) ≤ dist(v,u) + dist(u,p) ≤ 3r′

2 , then we proceed
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Fig. 7. The relative error of recovering the “Stanford Main Quad” from the
1-bit CDP measurements (27) decays with the optimal rate O(m−1). We
subsample the image to 160 × 640 × 3 for experiments and test L = 32 :
32 : 256.

as

m− dH(sign(|Au| − τ), sign(|Ap| − τ))

=

m∑
i=1

1
(
H|ai| does not separate u,p

)
≥

m∑
i=1

1

(
||a⊤i p| − τ | > r, |a⊤i (u− p)| ≤ r

2

)
(30a)

≥
m∑
i=1

1(||a⊤i p| − τ | > r)−
m∑
i=1

1

(
|a⊤i (u− p)| > r

2

)
;

(30b)

and

m− dH(sign(|Av| − τ), sign(|Ap| − τ))

=

m∑
i=1

1
(
H|ai| does not separate v,p

)
≥

m∑
i=1

1

(
||a⊤i p| − τ | > r,

min{|a⊤i (v − p)|, |a⊤i (v + p)|} <
r

2

)
(31a)

≥
m∑
i=1

1(||a⊤i p| − τ | > r)

−
m∑
i=1

1

(
min{|a⊤i (v − p)|, |a⊤i (v + p)|} >

r

2

)
, (31b)

where (30a) and (31a) hold because ||a⊤i p| − τ | > r and
min{|a⊤i (w − p)|, |a⊤i (w + p)|} ≤ r

2 imply ||a⊤i p| − τ | >
2min{|a⊤i (w − p)|, |a⊤i (w + p)|}, and hence further imply
H|ai| does not separate p and w due to the first statement in
Lemma 5. In (30b) and (31b) we use union bound. Now we
are able to deduce

dH(sign(|Au| − τ), sign(|Av| − τ))

≤ dH(sign(|Au| − τ), sign(|Ap| − τ))

+ dH(sign(|Av| − τ), sign(|Ap| − τ)) (32a)

≤ m−
m∑
i=1

1(||a⊤i p| − τ | > r) +

m∑
i=1

1

(
|a⊤i (u− p)| > r

2

)

+m−
m∑
i=1

1(||a⊤i p| − τ | > r)

+

m∑
i=1

1

(
min{|a⊤i (v − p)|, |a⊤i (v + p)|} >

r

2

)
(32b)

= 2
(
m−

m∑
i=1

1(||a⊤i p| − τ | > r)
)

+

m∑
i=1

1

(
|a⊤i (u− p)| > r

2

)
+

m∑
i=1

1

(
min{|a⊤i (v − p)|, |a⊤i (v + p)|} >

r

2

)
≤ 2 sup

p∈Nr′

m∑
i=1

1(||a⊤i p| − τ | ≤ r)︸ ︷︷ ︸
:=T̆1

+ 2 sup
w∈K(3r′/2)

m∑
i=1

1

(
|a⊤i w| > r

2

)
︸ ︷︷ ︸

:=T̆2

, (32c)

where (32a) is due to triangle inequality, in (32b) we substitute
(30) and (31), in (32c) we take the supremum over p ∈ Nr′

for T̆1, over u− p ∈ K(3r′/2) and v− p or v+ p ∈ K(3r′/2)

for T̆2 (note that dist(v,p) ≤ 3r′

2 and K is symmetric).

Deterministic arguments for establishing El:

For given u,v satisfying dist(u,v) ≥ 2r the corresponding
p, q ∈ Nr′ found in (29) satisfy

dist(p,q) ≥ dist(u,v)− ∥u− p∥2 − ∥v − q∥2

≥ 1

2
dist(u,v) ≥ r, (33)

where the last inequality holds because 1
2 dist(u,v) − ∥u −

p∥2 − ∥v − q∥2 ≥ r − 2r′ ≥ 0. By Lemma 6, we can pick
a small enough constant θ0 such that for some constant c0, it
holds that

Pθ0,w,z ≥ c0 dist(w, z), ∀w, z ∈ Aα,β . (34)

Then we proceed as

dH(sign(|Au| − τ), sign(|Av| − τ))

≥
m∑
i=1

1

(
H|ai| θ0-well-separates p and q,

|a⊤i (u− p)| < θ0r

2
, |a⊤i (v − q)| < θ0r

2

)
(35a)

≥
m∑
i=1

1(H|ai| θ0-well-separates p and q)

−
m∑
i=1

1

(
|a⊤i (u− p)| ≥ θ0r

2

)
−

m∑
i=1

1

(
|a⊤i (v − q)| ≥ θ0r

2

)
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≥
m∑
i=1

1(H|ai| θ0-well-separates p and q)︸ ︷︷ ︸
:=T̆3

− 2 sup
w∈K(r′)

m∑
i=1

1

(
|a⊤i w| ≥ θ0r

2

)
︸ ︷︷ ︸

:=T̆4

, (35b)

where (35a) holds due to Lemma 5, since H|ai| θ0-well-
separates p,q and max

{
|a⊤i (u− p)|, |a⊤i (v− q)|

}
< θ0r

2 ≤
θ0 dist(p,q)

2 jointly imply u,v being separated by H|ai|. Note
that in (35b), we take the supremum over u− p ∈ K(r′) and
v − q ∈ K(r′).

With the above deterministic arguments, all that remains is
to bound T̆1 and T̆2 in (32c), and T̆3 and T̆4 in (35b): we bound
T̆1 and T̆3 by Chernoff bound along with a union bound over
p ∈ Nr′ and {(p,q) ∈ Nr′ × Nr′ : dist(p,q) ≥ r}, then
control T̆2 and T̆4 by Lemma 32.

Bounding T̆1:

Recall Nr′ is a minimal r′-net of K and T̆1 :=
supp∈Nr′

∑m
i=1 1

(
||a⊤i p| − τ | ≤ r

)
. For each given p ∈ Nr′ ,

we have
m∑
i=1

1
(
||a⊤i p| − τ | ≤ r

)
∼ Bin

(
m,P(||a⊤i p| − τ | ≤ r)

)
with the probability being bounded by

P
(
||a⊤i p| − τ | ≤ r

)
≤ P

(∣∣|N (0, 1)| − τ

∥p∥2
∣∣ ≤ r

α

)
≤
√

8

π

r

α
.

Therefore, for a fixed p ∈ Nr′ , the weakened Chernoff bound
in Lemma 29 gives

P

( m∑
i=1

1
(
||a⊤i p| − τ | ≤ r

)
≥ 6mr

α
√
2π

)
≤ P

(
Bin
(
m,

√
8

π

r

α

)
≥ 6mr

α
√
2π

)
≤ exp

(
− mr√

18πα

)
.

We further take a union bound over p ∈ Nr′ to obtain

P

(
T̆1 ≥ 6mr

α
√
2π

)
≤ exp

(
H (K, r′)− mr√

18πα

)
≤ exp

(
− mr

6
√
πα

)
,

where the last inequality holds due to m ≳ H (K,r′)
r assumed

in (6). Therefore, T̆1 < 6mr
α
√
2π

holds with probability at least
1− exp(− mr

6
√
πα

).

Bounding T̆2 and T̆4:

Recall T̆2 := supw∈K(3r′/2)

∑m
i=1 1

(
|a⊤i w| > r

2

)
and T̆4 :=

supw∈K(r′)

∑m
i=1 1

(
|a⊤i w| ≥ θ0r

2

)
. Let c3 = min{ 1

2 ,
θ0
2 },

then it follows that

max{T̆2, T̆4} ≤ sup
w∈K(3r′/2)

m∑
i=1

1(|a⊤i w| ≥ c3r).

We seek to prove supw∈K(3r′/2)

∑m
i=1 1(|a⊤i w| ≥ c3r) ≤

2c̃rm with c̃ := c0
16 , where c0 is the constant in (34). Since we

assume rm ≥ C for some constant C, we can proceed with
c̃rm ≥ 1. Now we invoke Lemma 32 with W = K(3r′/2) and

ℓ = ⌈c̃rm⌉, yielding that

sup
w∈K(3r′/2)

max
I⊂[m]

|I|≤⌈c̃rm⌉

( 1

⌈c̃rm⌉
∑
i∈I

|a⊤i w|2
)1/2

≤ C4

(ω(K(3r′/2))√
c̃rm

+
3r′

2

√
log

e

r

)
(36)

holds with probability at least 1−2 exp(−c5rm log( er )). In our
setting, we note the following on the two sides of (36): since
(6) with sufficiently large C2 implies C4

ω(K(3r′/2))√
c̃rm

< c3r
2 ,

r′ = cr√
log(r−1)

with small enough c implies 3C4r
′

2

√
log( er ) <

c3r
2 , we have that the right-hand side of (36) is smaller than
c3r; it is not difficult to observe that the left-hand side of (36)
is a uniform upper bound on the ⌈c̃rm⌉-th largest entry of
the vector |Aw| for all w ∈ K(3r′/2). Therefore, universally
for all w ∈ K(3r′/2), the ⌈c̃rm⌉-th largest entry of |Aw| =
(|a⊤1 w|, · · · , |a⊤mw|)⊤ is smaller than c3r with probability
at least 1 − 2 exp(−c5rm log( er )). Phrasing differently, we
obtain

∑m
i=1 1(|a⊤i w| ≥ c3r) ≤ ⌈c̃rm⌉ ≤ 2c̃rm for any

w ∈ K(3r′/2). Therefore, max{T̆2, T̆4} ≤ 2c̃rm holds with
probability at least 1− 2 exp(−c5rm log( er )).

Bounding T̆3:

Recall T̆3 :=
∑m
i=1 1(H|ai| θ0-well-separates p and q).

By (33), (p,q) in T̆3 live in the constraint set Ur,r′ :=
{(p,q) ∈ Nr′ × Nr′ : dist(p,q) ≥ r}. Hence, for a given
pair of (p,q) ∈ Ur,r′ we have T̆3 ∼ Bin(m,Pθ0,p,q) with
Pθ0,p,q ≥ c0 dist(p,q), and thus by Chernoff bound (the
weakened version in Lemma 29) we obtain

P

(
T̆3 ≤ c0m dist(p,q)

2

)
≤ P

(
Bin(m, c0 dist(p,q)) ≤

c0m dist(p,q)

2

)
≤ exp

(
− c0m dist(p,q)

8

)
≤ exp

(
− c0mr

8

)
, (37)

where the last inequality follows from dist(p,q) ≥ r. While
(37) is for a fixed pair of (p,q), it can be extended to all
(p,q) in Ur,r′ by union bound, which yields that the event

m∑
i=1

1(H|ai| θ0-well-separates p and q)

≥ c0m dist(p,q)

2
, ∀ (p,q) ∈ Ur,r′ (38)

holds with probability at least 1 − |Ur,r′ | exp(− c0mr
8 ) ≥ 1 −

|Nr′ |2 exp(− c0mr
8 ) = 1 − exp(2H (K, r′) − c0mr

8 ) ≥ 1 −
exp(− c0mr

16 ), where the last inequality follows from (6).

Now we are ready to establish the two statements in Theo-
rem 1. Under the sample complexity and promised probability
in Theorem 1, we have T̆1 < 6mr

α
√
2π

and max{T̆2, T̆4} ≤
2c̃rm = c0rm

8 . Then, substituting T̆1 + T̆2 = O(rm) into
(32) establishes the desired event Es. To establish El, for
any given u,v ∈ K with dist(u,v) ≥ 2r and the corre-
sponding (p,q) ∈ Ur,r′ found by (29), we substitute (38)
and T̆4 ≤ c0mr

8 into (35) to obtain

dH(sign(|Au| − τ), sign(|Av| − τ))
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≥ T̆3 − 2T̆4 ≥ c0m dist(p,q)

2
− c0mr

4
≥ c0m dist(p,q)

4
.

Combining with dist(p,q) ≥ 1
2 dist(u,v) from (33), we

arrive at

dH(sign(|Au| − τ), sign(|Av| − τ)) ≥ c0m dist(u,v)

8
.

Note that with the promised probability, the above arguments
work for any u,v ∈ K satisfying dist(u,v) ≥ 2r, thus we
have shown the event El. The proof is complete.

B. The Proof of Lemma 1 (Pu,v ≍ dist(u,v))

Proof. Since Pu,v = Pu,−v = Pv,u and dist(u,v) =
dist(u,−v) = dist(v,u) hold, we can assume u⊤v ≥ 0 and
∥u∥2 ≥ ∥v∥2 without loss of generality. Let us begin with

Pu,v = P
(
|a⊤u| ≥ τ, |a⊤v| < τ

)
+P

(
|a⊤u| < τ, |a⊤v| ≥ τ

)
≤ 2P

(
|a⊤u| ≥ τ, |a⊤v| < τ

)
= 4P

(
a⊤u ≥ τ, |a⊤v| < τ

)
≤ 8P

(
a⊤u ≥ τ, 0 ≤ a⊤v < τ

)
, (39)

where the first inequality holds because P(|a⊤u| <
τ, |a⊤v| ≥ τ) ≤ P(|a⊤u| ≥ τ, |a⊤v| < τ) that follows from
∥u∥2 ≥ ∥v∥2, in the second inequality we use P(a⊤u ≥
τ,−τ ≤ a⊤v < 0) ≤ P(a⊤u ≥ τ, 0 ≤ a⊤v < τ) due to
u⊤v ≥ 0. Evidently, these two inequalities remain true with
“≤” reversed to “≥” if we do not introduce the multiplicative
factor 2. This observation provides

Pu,v ≥ 2P(a⊤u ≥ τ, 0 ≤ a⊤v < τ). (40)

Combining (39) and (40) gives Pu,v ≍ P(a⊤u ≥ τ, 0 ≤
a⊤v < τ), thus it suffices to show P(a⊤u ≥ τ, 0 ≤ a⊤v <

τ) ≍ dist(u,v) over Aα,β . We let ρ := u⊤v
∥u∥2∥v∥2

and deal
with ρ ∈ [0, 1) and ρ = 1 separately.

Case 1: 0 ≤ ρ < 1

Note that w := a⊤ u
∥u∥2

and z := a⊤ v
∥v∥2

have a joint

P.D.F. f(w, z) = 1

2π
√

1−ρ2
exp

(
− w2−2ρwz+z2

2(1−ρ2)
)
, thus we can

decompose the probability as

P
(
a⊤u ≥ τ, 0 ≤ a⊤v < τ

)
= P

(
w ≥ τ

∥u∥2
, 0 ≤ z <

τ

∥v∥2

)
=

1

2π
√
1− ρ2

∫ τ
∥v∥2

0

∫ ∞

τ
∥u∥2

exp
(
− w2 − 2ρwz + z2

2(1− ρ2)

)
dwdz

=
1

2π
√
1− ρ2

∫ τ
∥v∥2

0

e−
z2

2

∫ ∞

τ
∥u∥2

exp
(
− (w − ρz)2

2(1− ρ2)

)
dwdz

=
1

2π

∫ τ
∥v∥2

0

e−
z2

2

∫ ∞

τ/∥u∥2−ρz√
1−ρ2

e−
w2

1
2 dw1dz (41a)

=
1√
2π

∫ τ
∥v∥2

τ/∥u∥2

e−
z2

2 · I(z) dz︸ ︷︷ ︸
:=Iu,v

+
1√
2π

∫ τ
∥u∥2

0

e−
z2

2 · I(z) dz︸ ︷︷ ︸
:=Ju,v

,

(41b)

where in (41a) we use a change of variable w1 = w−ρz√
1−ρ2

, in

(41b) we introduce the shorthand

I(z) : =

∫ ∞

τ/∥u∥2−ρz√
1−ρ2

1√
2π

e−
w2

2 dw

= P
(
N (0, 1) >

τ/∥u∥2 − ρz√
1− ρ2

)
. (42)

In the remainder of the proof, our strategy is to show Iu,v ≍
distn(u,v) and Ju,v ≍ distd(u,v) separately, then the desired
statement follows from Lemma 20.

Showing Iu,v ≍ distn(u,v):
The integral variable z in Iu,v satisfies z ≥ τ

∥u∥2
, which

provides lower bound on the lower limit of the integration
I(z):

τ/∥u∥2 − ρz√
1− ρ2

≤ τ(1− ρ)/∥u∥2√
1− ρ2

=
τ
√
1− ρ

∥u∥2
√
1 + ρ

≤ τ

α
.

Hence, we have 1 ≥ I(z) ≥
∫∞
τ/α

1√
2π

e−
w2

2 dw := C0 for
some constant C0. Moreover, when z ∈ [ τ

∥u∥2
, τ
∥v∥2

] ⊂ [ τβ ,
τ
α ]

we have e−
z2

2 ∈ [exp(− τ2

2α2 ), exp(− τ2

2β2 )]. Taken collectively,
we have shown that the integral function of Iu,v takes value
in [C1, C2] for some constants C2 > C1 > 0. Therefore, we
have

Iu,v ≍ | τ

∥u∥2
− τ

∥v∥2
| = τ

∥u∥2∥v∥2
|∥u∥2−∥v∥2| ≍ distn(u,v).

Showing Ju,v ≍ distd(u,v):
Using Lemma 25 to bound I(z) in (42), we obtain

1

4
exp

(
− (τ/∥u∥2 − ρz)2

1− ρ2

)
≤ I(z) ≤ 1

2
exp

(
− (τ/∥u∥2 − ρz)2

2(1− ρ2)

)
. (43)

Next, we bound Ju,v from both sides via calculations.
(i) Lower Bound:

Substituting the lower bound in (43) into Ju,v along with
some calculations, we proceed as

Ju,v ≥ 1

4
√
2π

∫ τ/∥u∥2

0

e−
z2

2 exp
(
− (τ/∥u∥2 − ρz)2

1− ρ2

)
dz

=
1

4
√
2π

exp

(
− τ2

∥u∥22(1 + ρ2)

)
·
∫ τ/∥u∥2

0

exp

(
−
(1 + ρ2)[z − τ

∥u∥2

2ρ
(1+ρ2) ]

2

2(1− ρ2)

)
dz (44a)

≥ 1

4
√
2π

exp
(
− τ2

α2

)
·
∫ τ/∥u∥2

0

exp

(
−
[z − τ

∥u∥2

2ρ
1+ρ2√

1− ρ2

]2)
dz (44b)

=

√
1− ρ2

4
√
2π

exp
(
− τ2

α2

)∫ τ(1−ρ)3/2

∥u∥2
√

1+ρ(1+ρ2)

− 2ρτ

∥u∥2(1+ρ2)
√

1−ρ2

e−w
2

dw (44c)

≥
√
1− ρ2

4
√
2π

exp
(
− τ2

α2

)∫ τ(1−ρ)3/2

2
√

2β

− ρτ
β

e−w
2

dw (44d)
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≥ 1

4
√
2π

exp
(
− τ2

α2

)
exp

(
− τ2

β2

)
·
(τ(1− ρ)3/2

2
√
2β

+
ρτ

β

)√
1− ρ2 (44e)

≥ c3
√

1− ρ2, (44f)

where in (44a) we complete the square; in (44b) we use
∥u∥2 ≥ α and 1 + ρ2 ∈ [1, 2]; in (44c) we apply a
change of the variable w = z−2ρτ/[∥u∥2(1+ρ

2)]√
1−ρ2

; in (44d) we

“shrink” the integral limits by
√
1 + ρ(1 + ρ2) ≤ 2

√
2 and

2

(1+ρ2)
√

1−ρ2
≥ 1; (44e) holds because e−w

2 ≥ exp(− τ2

β2 )

when w ∈ [−ρτ
β , τ(1−ρ)

3/2

2
√
2β

]; the final bound in (44f) holds

for a constant c3 independent of ρ since infρ∈[0,1]
τ(1−ρ)3/2

2
√
2β

+
ρτ
β > 0.

(ii) Upper Bound:
Substituting the upper bound in (43) into Ju,v yields

Ju,v

≤ 1

2
√
2π

∫ τ/∥u∥2

0

exp
(
− z2

2

)
exp

(
− (τ/∥u∥2 − ρz)2

2(1− ρ2)

)
dz

=
1

2
√
2π

exp
(
− τ2

2∥u∥22

)∫ τ/∥u∥2

0

exp

(
−
[z − ρτ

∥u∥2
]2

2(1− ρ2)

)
dz

(45a)

=

√
1− ρ2

2
exp

(
− τ2

2∥u∥22

)∫ τ
√

1−ρ

∥u∥2
√

1+ρ

− ρτ

∥u∥2
√

1−ρ2

1√
2π

e−
w2

2 dw

(45b)

≤ 1

2
exp

(
− τ2

2α2

)√
1− ρ2,

where (45a) is obtained by completing the square; in (45b) we
apply a change of the variable w = z−ρτ/∥u∥2√

1−ρ2
. Combining the

bounds in (44), (45), and distd(u,v) = dist
(

u
∥u∥2

, v
∥v∥2

)
=(

2 − 2|u⊤v|
∥u∥2∥v∥2

)1/2
=
√
2(1− |ρ|), we arrive at Ju,v ≍√

1− ρ2 =
√
1 + |ρ|

√
1− |ρ| ≍

√
1− |ρ| ≍ distd(u,v).

Further combining the bounds on Iu,v, Ju,v and (41), we come
to

Pu,v ≍ P(a⊤u ≥ τ, 0 ≤ a⊤v < τ) ≍ Iu,v + Ju,v

≍ distn(u,v) + distd(u,v) ≍ dist(u,v).

Case 2: ρ = 1

Recall that we assume ∥u∥2 ≥ ∥v∥2. By Cauchy-Schwarz
inequality we know that ρ = u⊤v

∥u∥2∥v∥2
= 1 holds if and only if

u = λv for some λ ≥ 1, with λ = ∥u∥2

∥v∥2
. Thus, we can directly

calculate the separation probability in this simpler case:

Pu,v = P
(
sign

(
λ|a⊤v| − τ

)
̸= sign

(
|a⊤v| − τ

))
= P

(
λ|a⊤v| − τ ≥ 0, |a⊤v| − τ < 0

)
(46a)

= P
( τ

λ∥v∥2
≤
∣∣∣a⊤ v

∥v∥2

∣∣∣ < τ

∥v∥2

)
≍ τ

∥v∥2

(
1− 1

λ

)
≍
∣∣∥u∥2 − ∥v∥2

∣∣, (46b)

where (46a) holds because λ|a⊤v| ≥ |a⊤v|; (46b) holds
because the P.D.F. of a⊤ v

∥v∥2
∼ N (0, 1) satisfies 1√

2π
exp

(
−

τ2

2α2

)
≤ p(z) = 1√

2π
exp

(
− z2

2

)
≤ 1√

2π
when z ∈ [− τ

α ,
τ
α ].

Note that in this case we have dist(u,v) = |∥u∥2−∥v∥2|, thus
we obtain Pu,v ≍ dist(u,v) again. The proof is complete.

C. The Proof of Theorem 3 (Lower Bound)

Proof. We continue from the proof sketch provided in Section
III, where we let V0 := {(u1, ..., uν , uν+1, ..., un)

⊤ : ui =
0, ∀ ν + 1 ≤ i ≤ n} be a specific ν-dimensional subspace in
Rn and seek to construct a packing set of V0 ∩ Aα,β with
large enough cardinality. Since the packing is only relevant
to the Euclidean metric, we can identify V0 ∩ Aα,β with
Kν := {u ∈ Rν : α ≤ ∥u∥2 ≤ β}. Restricting our attention
to the metric dist(·, ·), we say S is an ϵ-packing set of Kν
if S ⊂ Kν and any two distinct points u,v in S satisfy
dist(u,v) ≥ ν. We denote by P(Kν , ϵ; dist) the ϵ-packing
number of Kν under the metric dist(·, ·) that is defined as
the maximal cardinality of an ϵ-packing set of Kν . By [72,
Lem. 4.2.8], we can first lower bound the packing number
by the covering number: P(Kν , ϵ; dist) ≥ N (Kν , ϵ; dist).
Then, we seek a lower bound on the N (Kν , ϵ; dist) by a
standard volume argument. We let Nϵ be a minimal ϵ-net
of Kν satisfying |Nϵ| = N (Kν , ϵ; dist). By the equivalence
between dist(u,v) ≤ ϵ and u ∈ Bν2(v; ϵ)∪Bν2(−v; ϵ), we can
return to the ℓ2-distance metric by Kν ⊂

⋃
u∈Nϵ

{Bν2(u; ϵ) ∪
Bν2(−u; ϵ)}. Next, comparing the volume yields

Vol(Kν) ≤
∑
u∈Nϵ

(
Vol(Bν2(u; ϵ)) + Vol(Bν2(−u; ϵ))

)
= 2N (Kν , ϵ; dist) · Vol(Bν2(ϵ)),

which leads to

(βν − αν) · Vol(Bν2) ≤ 2N (Kν , ϵ; dist) · ϵν · Vol(Bν2),

and hence N (Kν , ϵ; dist) ≥ βν−αν

2ϵν . Combining with
|MA| ≤ ( 2emν )ν established in the main text, for the existence
of an estimator x̂ to achieve supx∈Kν

dist(x̂,x) ≤ ϵ
2 , we must

have
(
2em

ν
)ν ≥ βν − αν

2ϵν
,

yielding the desired claim.

APPENDIX B
PLL-AIC IMPLIES CONVERGENCE OF ALGORITHMS 1–2
This appendix includes the proofs of Lemma 3 and Lemma

4.

A. The Proof of Lemma 3 (PLL-AIC Implies Convergence of
GD-1bPR)

Proof. Without loss of generality, we assume x(0) is closer
to x than −x, namely dist(x(0),x) = ∥x(0) − x∥2 ≤ δ4. We
consider GD-1bPR with step size η and define

t̂ = inf
{
t ∈ Z≥0 : ∥x(t) − x∥2 ≤ E(δ1, δ2, δ3)

}
as the smallest t such that x(t) enters Bn2 (x;E(δ1, δ2, δ3)),
with the convention that t̂ = ∞ if such t does not exist. We
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claim that t̂ < ∞ and the iterates enter Bn2 (x;E(δ1, δ2, δ3))

with no more than ⌈ logE(δ1,δ2,δ3)
log((1+δ1)/2)

⌉ iterations. If ∥x(0)−x∥2 ≤
E(δ1, δ2, δ3), then t̂ = 0 and the claim is trivial, thus we can
simply assume ∥x(0) − x∥2 > E(δ1, δ2, δ3). This along with
E(δ1, δ2, δ3) = max{ 16δ2

(1−δ1)2 ,
4δ3
1−δ1 } implies

δ3 ≤ 1− δ1
4

∥x(0) − x∥2√
δ2∥x(0) − x∥2 ≤ 1− δ1

4
∥x(0) − x∥2.

Combining δ4 < α
2 , ∥x(0) − x∥2 ≤ δ4 and x ∈ Aα,β , we

obtain x(0) ∈ Aα/2,2β , hence we can use PLL-AIC to deduce

∥x(1) − x∥2 = ∥x(0) − x− ηh(x(0),x)∥2

≤ δ1∥x(0) − x∥2 +
√
δ2∥x(0) − x∥2 + δ3

≤ 1 + δ1
2

∥x(0) − x∥2, (47)

If ∥x(1)−x∥2 > E(δ1, δ2, δ3), since (47) gives ∥x(1)−x∥2 ≤
∥x(0) − x∥2 ≤ δ4, by re-iterating the arguments in (47) we
obtain

∥x(2) − x∥2 ≤ 1 + δ1
2

∥x(1) − x∥2

≤
(1 + δ1

2

)2
∥x(0) − x∥2 ≤

(1 + δ1
2

)2
.

By induction, if t̂ > t̂l holds (i.e., ∥x(t)−x∥2 > E(δ1, δ2, δ3)
holds for any t ≤ t̂l), then we have E(δ1, δ2, δ3) < ∥x(t̂l) −
x∥2 ≤ ( 1+δ12 )t̂l . This leads to t̂l < logE(δ1,δ2,δ3)

log((1+δ1)/2)
, which

further implies t̂ ≤ ⌈ logE(δ1,δ2,δ3)
log((1+δ1)/2)

⌉, stating that the iterates

enter Bn2 (x;E(δ1, δ2, δ3)) with no more than ⌈ logE(δ1,δ2,δ3)
log((1+δ1)/2)

⌉
iterations. It remains to show ∥x(t) − x∥2 ≤ E(δ1, δ2, δ3) for
any t ≥ t̂. Note that ∥x(t̂) − x∥ ≤ E(δ1, δ2, δ3) < δ4 < α

2

gives x(t̂) ∈ Aα/2,2β , together with δ3 ≤ 1−δ1
4 E(δ1, δ2, δ3)

and δ2 ≤ (1−δ1)2
16 E(δ1, δ2, δ3), we come to

∥x(t̂+1) − x∥2 = ∥x(t̂) − x− η · h(x(t̂),x)∥2

≤ δ1∥x(t̂) − x∥2 +
√
δ2 · ∥x(t̂) − x∥2 + δ3

≤ 1 + 3δ1
4

E(δ1, δ2, δ3) +
√

δ2 · E(δ1, δ2, δ3)

≤ E(δ1, δ2, δ3),

By induction we can show x(t) ∈ Bn2 (x;E(δ1, δ2, δ3)) for any
t ≥ t̂, which completes the proof.

B. The Proof of Lemma 4 (PLL-AIC Implies Convergence of
BIHT-1bSPR)

Proof. Without loss of generality, we assume dist(x(0),x) =
∥x(0) − x∥2 ≤ δ4. We consider BIHT-1bSPR with step size η
and define t̂ = inf

{
t ∈ Z≥0 : ∥x(t) − x∥2 ≤ E(δ1, δ2, δ3)

}
as the smallest t such that x(t) enters Bn2 (x;E(δ1, δ2, δ3)),
with the convention that t̂ = ∞ if such t does not exist. We
first show t̂ ≤ ⌈ logE(δ1,δ2,δ3)

log(1/2+δ1)
⌉, which means that BIHT-1bSPR

enters Bn2 (x;E(δ1, δ2, δ3)) with no more than ⌈ logE(δ1,δ2,δ3)
log(1/2+δ1)

⌉
iterations. We assume ∥x(0) − x∥2 > E(δ1, δ2, δ3), otherwise

we have t̂ = 0 and we are done. Note that ∥x(0) − x∥2 >
E(δ1, δ2, δ3) = max{ 64δ2

(1−2δ1)2
, 8δ3
1−2δ1

} gives

2
√

δ2∥x(0) − x∥2 ≤ 1− 2δ1
4

∥x(0) − x∥2,

2δ3 ≤ 1− 2δ1
4

∥x(0) − x∥2.

By δ4 < 0.01α, ∥x(0) − x∥2 ≤ δ4 and x ∈ Aα,β , we have
x(0) ∈ A0.99,1.01β . By identifying T(k) as the projection onto
Σnk and then use Lemma 27 and PLL-AIC, we proceed as

∥x(1) − x∥2 = ∥T(k)(x̃(1))− x∥2 = ∥PΣn
k
(x̃(1))− x∥2

= ∥PΣn
k−x(x

(0) − x− η · h(x(0),x))∥2
≤ 2∥PΣn

2k
(x(0) − x− η · h(x(0),x))∥2

≤ 2δ1∥x(0) − x∥2 + 2
√
δ2 · ∥x(0) − x∥2 + 2δ3

≤
(1
2
+ δ1

)
∥x(0) − x∥2, (48)

Suppose t̂ > 1, then we have ∥x(1)−x∥2 > E(δ1, δ2, δ3), and
by (48) we have x(1) ∈ A0.99α,1.01β . Hence, we can re-iterate
the arguments in (48) to obtain

∥x(2) − x∥2 ≤
(1
2
+ δ1

)
∥x(1) − x∥2

≤
(1
2
+ δ1

)2
∥x(0) − x∥2 ≤

(1
2
+ δ1

)2
.

By induction, if t̂ > t̂l holds (that is, ∥x(t) − x∥2 >
E(δ1, δ2, δ3) holds for any t ≤ t̂l), then we have

E(δ1, δ2, δ3) < ∥x(t̂l) − x∥2 ≤
(

1
2 + δ1

)t̂l
which leads

to t̂l < logE(δ1,δ2,δ3)

log( 1
2+δ1)

. Since this holds for any t̂l smaller

than t̂, we have t̂ ≤ ⌈ log(δ1,δ2,δ3)
log(1/2+δ1)

⌉. All that remains is to
show ∥x(t) − x∥2 ≤ E(δ1, δ2, δ3) for any t ≥ t̂. Note
that ∥x(t̂) − x∥2 ≤ E(δ1, δ2, δ3) < 0.01α gives x(t̂) ∈
A0.99α,1.01β . Taken collectively with x,x(t̂) ∈ Σnk , Lemma
27 and PLL-AIC, we obtain

∥x(t̂+1) − x∥2 = ∥T(k)(x̃(t̂))− x∥2
= ∥PΣn

k
(x(t̂) − η · h(x(t̂),x))− x∥2

= ∥PΣn
k−x(x

(t̂) − x− η · h(x(t̂),x))∥2
≤ 2∥PΣn

2k
(x(t̂) − x− η · h(x(t̂),x))∥2

≤ 2δ1∥x(t̂) − x∥2 + 2

√
δ2 · ∥x(t̂) − x∥2 + 2δ3

≤ 1 + 6δ1
4

E(δ1, δ2, δ3) + 2
√
δ2 · E(δ1, δ2, δ3)

≤ E(δ1, δ2, δ3),

By induction, it follows that ∥x(t)−x∥2 ≤ E(δ1, δ2, δ3) holds
for any t ≥ t̂. The proof is complete.

APPENDIX C
GAUSSIAN MATRIX RESPECTS PLL-AIC

Based on the proof outline in Section IV, this appendix is
devoted to proving Theorem 8.
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A. Bounding ∥PC−(u1−v1−η·h(u1,v1))∥2 (Step 1 in Large-
distance regime)

It is sufficient to first separately bound Tp,q
1 , Tp,q

2 , Tp,q
3 and

the higher order term ∥h2(p,q)∥2 for fixed (p,q) ∈ N (2)
r,δ4

and
then take union bound over (p,q) ∈ N (2)

r,δ4
.

Step 1.1: Bounding Tp,q
1 over N (2)

r,δ4

Substituting h1(p,q) =
1
m

∑
i∈Rp,q

sign(a⊤i (p−q))ai into
Tp,q
1 yields

Tp,q
1 =

∣∣∣∥p− q∥2 −
η

m

∑
i∈Rp,q

|a⊤i (p− q)|
∥p− q∥2

∣∣∣
: =

∣∣∥p− q∥2 − η · Tp,q
11

∣∣,
where in the second equality we introduce

Tp,q
11 :=

1

m

∑
i∈Rp,q

|a⊤i (p− q)|
∥p− q∥2

=
1

m

∑
i∈Rp,q

|a⊤i β1|.

Conditioning on |Rp,q| = |{i ∈ [m] : sign(|a⊤i p| − τ) ̸=
sign(|a⊤i q|− τ)}| = rp,q, the distribution of Tp,q

11 is identical
with Tp,q

11

∣∣{|Rp,q| = rp,q} ∼ 1
m

∑rp,q

i=1 Zp,q
i , where the

i.i.d. random variables Zp,q
1 , ..., Zp,q

rp,q
follow the conditional

distribution

Zp,q
i ∼ |a⊤i β1|

∣∣∣{ sign(|a⊤i p| − τ) ̸= sign(|a⊤i q| − τ)
}
(49)

with standard Gaussian vector ai ∼ N (0, In). We proceed to
derive the P.D.F. of Zp,q

i .

P.D.F. of Zp,q
i :

Recall (24) that holds for some orthonormal (β1 =
p−q

∥p−q∥2
,β2) and coordinates (u1, u2, v1) satisfying u1 >

v1, u2 ≥ 0. Combining with the rotational invariance of a, we
can let a1, a2 be independent N (0, 1) variables and deduce
that Zp,q

i in (49) has the same distribution as

|a⊤i β1|
∣∣∣{sign(|u1a

⊤
i β1 + u2a

⊤
i β2| − τ)

̸= sign(|v1a⊤i β1 + u2a
⊤
i β2| − τ)}

∼ |a1|
∣∣∣{sign(|a1u1 + a2u2| − τ) ̸= sign(|a1v1 + a2u2| − τ)},

Define the event Ê := {sign(|a1u1+a2u2|−τ) ̸= sign(|a1v1+
a2u2| − τ)} that happens with probability

P(Ê) = P(H|a| separates p,q) = Pp,q,

Bayes’ Theorem establishes the P.D.F. of Zp,q
i as

fZp,q
i

(z) =
f|a1|(z) ·P(Ê||a1| = z)

P(Ê)

=

√
2

π

exp(− z2

2 ) ·P(Ê||a1| = z)

Pp,q
, z ≥ 0. (50)

Since |a1||Ê and Zp,q
i are identically distributed, we shall

further calculate P(Ê||a1| = z) to get the P.D.F. of Zp,q
i .

Lemma 7 (The P.D.F. of Zp,q
i ). For any z > 0, we have

P
(
Ê||a1| = z

)
= P1 + P2 where 6

P1 := P
(
max{τ − zu1,−τ − zv1} < N (0, u2

2) < τ − zv1

)
,

P2 := P
(
max{zu1 − τ, zv1 + τ} < N (0, u2

2) < τ + zu1

)
.

Substituting this into (50) yields the P.D.F. of Zp,q
i :

fZp,q
i

(z) =

√
2

π

exp(− z2

2 )[P1 + P2]

Pp,q
, z ≥ 0. (51)

Proof. In view of (50), it is enough to calculate P(Ê||a1| =
z):

P
(
sign(|a1u1 + a2u2| − τ) ̸= sign(|a1v1 + a2u2| − τ)

∣∣|a1| = z
)

= P
(
sign(||a1|u1 + sign(a1)a2u2| − τ)

̸= sign(||a1|v1 + sign(a1)a2u2| − τ)
∣∣|a1| = z

)
= P

(
sign(|zu1 + a2u2| − τ) ̸= sign(|zv1 + a2u2| − τ)

)
(52a)

= P
(
|zu1 + a2u2| > τ, |zv1 + a2u2| < τ

)
+P

(
|zu1 + a2u2| < τ, |zv1 + a2u2| > τ

)
:= P1 + P2,

(52b)

where (52a) holds because sign(a1)a2|{|a1| = z} and a2
are identically distributed, (52b) might not hold exactly when
u2 = 0 due to the cases of |zu1| − τ = 0 and |zv1| − τ = 0,
but such inexactness could only occur at z = τ

|u1| and z = τ
|v1|

and hence will not affect our subsequent use of the P.D.F. of
the continuous random variable Zp,q

i . It remains to evaluate
P1 and P2. With respect to P1, since zu1+a2u2 > zv1+a2u2,
we have

P1 = P
(
zu1 + a2u2 > τ,−τ < zv1 + a2u2 < τ

)
= P

(
max{τ − zu1,−τ − zv1} < a2u2 < τ − zv1

)
Similarly, P2 simplifies to

P2 = P
(
− τ < zu1 + a2u2 < τ, zv1 + a2u2 < −τ

)
= P

(
− τ − zu1 < a2u2 < min{τ − zu1,−τ − zv1}

)
= P

(
max{zu1 − τ, zv1 + τ} < a2u2 < τ + zu1

)
.

By further noting a2u2 ∼ N (0, u2
2), we complete the proof.

Sub-Gaussianity of Zp,q
i :

Next, we seek to show Zp,q
i is O(1)-sub-Gaussian. We

accomplish this by showing the tail of Zp,q
i is dominated

by the one of some Gaussian variable. To this end, we need
to meticulously discuss all the cases of (u1, u2, v1) since the
distribution of Zp,q

i essentially hinges on the relative position
of (p,q), with some typical cases depicted in Figure 8. In
particular, we need to separately treat u2 bounded away from
0 and u2 being close to 0 here.

Lemma 8 (Zp,q
i is O(1)-Sub-Gaussian). There exists some

constant C0 depending on (α, β, τ) such that ∥Zp,q
i ∥ψ2

≤ C0

holds for any (p,q) ∈ N (2)
r,δ4

.

6Note that this might be inexact at z = τ
|u1|

, τ
|v1|

when u2 = 0 but does
not affect our subsequent use of (51) as the P.D.F. of Zp,q

i . A similar note
should also be made for Lemma 11 below.
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Proof. By Lemma 7 the P.D.F. of Zp,q
i is given by fZp,q

i
(z) =√

2
π

exp(− z2

2 )[P1+P2]

Pp,q
(∀z > 0), and we have P1 ≤ P(τ −

zu1 < N (0, u2
2) < τ − zv1) and P2 ≤ P(τ + zv1 <

N (0, u2
2) < τ + zu1). Recall u2 ≥ 0, we separately treat

several cases in the following. We first deal with u2 > 0. In

(a) (b) (c)

Fig. 8. We parametrize p,q ∈ Aα,β as (u1, u2) and (v1, u2) that obey
u1 > v1 and u2 ≥ 0, with (u1, u2) and (v1, u2) being alluded by the blue
arrow and red arrow respectively in this figure. (a): u2 is bounded away from
0. (b): u2 is close to 0. (c): The “degenerate” case where u2 = 0.

this case, we have the following bound:

P1 + P2 ≤ P
(τ − zu1

u2
< N (0, 1) <

τ − zv1
u2

)
+P

(τ + zv1
u2

< N (0, 1) <
τ + zu1

u2

)
≤ 1√

2π
exp

(
− min{(τ − zu1)

2, (τ − zv1)
2}

2u2
2

)z(u1 − v1)

u2

+
1√
2π

exp
(
− min{(τ + zu1)

2, (τ + zv1)
2}

2u2
2

)z(u1 − v1)

u2
;

(53)

Since ∥p − q∥2 = u1 − v1, by Lemma 1 there exists some
c0 depending only on (α, β, τ) such that Pp,q ≥ c0(u1 − v1).
Substituting this and (53) into the P.D.F. yields

fZp,q
i

(z)

≤
z exp(− z2

2 )

c0πu2

[
exp

(
− min{(τ − zu1)

2, (τ − zv1)
2}

2u2
2

)
+ exp

(
− min{(τ + zu1)

2, (τ + zv1)
2}

2u2
2

)]
. (54)

It remains to show the right-hand side of (54) is dominated by
some Gaussian variable for large enough z. To this end, we
separately treat the cases that u2 bounded away from 0 and
u2 being close to 0.

(Case 1: u2 ≥ α
2 , e.g., Figure 8(a))

For any z ∈ R, (54) implies fZp,q
i

(z) ≤ 4
c1απ

z exp
(
− z2

2

)
.

When z is larger than some constant, z exp(− z2

2 ) ≤ exp(− z2

4 )
holds, implying that ∥Zp,q

i ∥ψ2 ≤ C1 for some constant C1

which depends on (α, β, τ).

(Case 2: u2 ∈ (0, α2 ), e.g., Figure 8(b))
From p ∈ Aα,β we have u2

1+u2
2 ≥ α2, leading to |u1| > α

2 .
Note that |v1| ≥ α

2 follows similarly. Thus, when z ≥ 4τ
α , we

have |τ±zu1| ≥ |zu1|−τ ≥ τ and |τ±zv1| ≥ |zv1|−τ ≥ τ .
Substituting into (54) gives

fZp,q
i

(z) ≤ 2

c0π

1

u2
exp

(
− τ2

2u2
2

)
z exp

(
− z2

2

)
.

Note that for large enough z we have z exp(− z2

2 ) ≤
exp(− z2

4 ), and also supu2>0
1
u2

exp(− τ2

2u2
2
) ≤ C2 for some

constant C2. Therefore, the probability tail of Zp,q
i is domi-

nated by some Gaussian variable, implying the desired con-
clusion ∥Zp,q

i ∥ψ2
= O(1).

(Case 3: u2 = 0, e.g., Figure 8(c))
All that remains is to deal with u2 = 0. By Lemma 22

u2 = 0 occurs if and only if p ∥ q. By Lemma 7 we have

P1 ≤ P(z > 0,−τ − zv1 < 0 < τ − zv1)

= P(z > 0, z|v1| < τ),

P2 ≤ P(z > 0,−τ + zu1 < 0 < τ + zu1)

= P(z > 0, z|u1| < τ).

Noticing ∥p∥2 = |u1| ≥ α and ∥q∥2 = |v1| ≥ α, hence we
arrive at P1 ≤ 1

(
0 < z < τ

|v1|
)
≤ 1

(
0 < z < τ

α

)
and

P2 ≤ 1
(
0 < z < τ

|u1|
)
≤ 1

(
0 < z < τ

α

)
. Therefore, Zp,q

i is
a random variable bounded as |Zp,q

i | ≤ τ
α , which evidently

possesses O(1) sub-Gaussian norm.
Note that the above discussions cover all possible cases of

(u1, u2, v1). Hence, there exists some constant C3 such that
∥Zp,q

i ∥ψ2
≤ C3 for any (p,q) ∈ N (2)

r,δ4
, as claimed.

Concentration Bound on Tp,q
1 :

We seek to establish tight and uniform concentration bound
on Tp,q

1 by the following strategy:
• Armed with Lemma 8, we first establish the concentration

of 1
m

∑
i∈rp,q

Zp,q
i about its mean, referred to as the

concentration bound conditioning on {|Rp,q| = rp,q};
• We further analyze the binomial random variable |Rp,q|

to get the unconditional concentration bound, and then
take a union bound over N (2)

r,δ4
.

Lemma 9 (Bounding Tp,q
1 over N (2)

r,δ4
). Suppose mr ≥

C0H (Cα,β , r) for some sufficiently large C0. Recall that N (2)
r,δ4

is the constraint set defined in (19). Then for some constant
C1, the event

Tp,q
1 ≤ C1η

√
∥p− q∥2H (Cα,β , r)

m
+ Tp,q

η , ∀(p,q) ∈ N (2)
r,δ4

(55)

holds with probability at least 1 − 4 exp(−2H (Cα,β , r)),
where Tp,q

η :=
∣∣∥p− q∥2 − η Pp,qE(Z

p,q
i )

∣∣.
Proof. We have argued that Tp,q

11 |{|Rp,q| = rp,q} has the
same distribution as 1

m

∑rp,q

i=1 Zp,q
i , where Zp,q

1 , · · · , Zp,q
rp,q

are i.i.d. random variables satisfying ∥Zp,q
i ∥ = O(1). By cen-

tering [72, Lem. 2.6.8], we have ∥Zp,q
i −EZp,q

i ∥ψ2 = O(1),
and further [72, Prop. 2.6.1] gives∥∥∥ 1

m

rp,q∑
i=1

(Zp,q
i −EZp,q

i )
∥∥∥2
ψ2

=
1

m2

∥∥∥ rp,q∑
i=1

(Zp,q
i −EZp,q

i )
∥∥∥2
ψ2

≲
1

m2

rp,q∑
i=1

∥Zp,q
i −EZp,q

i ∥2ψ2
≲

rp,q
m2

. (56)
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The standard tail bound for sub-Gaussian variable implies

P

( 1

m

rp,q∑
i=1

(Zp,q
i −EZp,q

i ) ≥ rp,qt

m

)
≤ 2 exp(−crp,qt

2)

for some constant c and any t ≥ 0. Conditioning on {|Rp,q| =
rp,q}, by triangle inequality,

E(Tp,q
11 |{|Rp,q| = rp,q}) =

rp,q ·E(Zp,q
i )

m
,

Tp,q
η = |∥p− q∥2 − η Pp,qE(Z

p,q
i )|,

and that Tp,q
11 |{|Rp,q| = rp,q} has the same distribution as

1
m

∑rp,q

i=1 Zp,q
i , we obtain

Tp,q
1 ≤

∣∣∣∥p− q∥2 −
ηrp,q ·E(Zp,q

i )

m

∣∣∣
+ η ·

∣∣Tp,q
11 −E(Tp,q

11 |{|Rp,q| = rp,q})
∣∣

≤ Tp,q
η +

ηE(Zp,q
i )|rp,q −mPp,q |

m
+

ηrp,qt

m
,

where the second inequality holds with probability at least 1−
2 exp(−crp,qt

2). Therefore, conditioning on |Rp,q| = rp,q >

0, we set t = C1

√
H (Cα,β ,r)

rp,q
with sufficiently large C1 to

obtain

P

(
Tp,q
1 ≤ Tp,q

η +
ηE(Zp,q

i )|rp,q −mPp,q |
m

+
C1η

√
rp,qH (Cα,β , r)

m

∣∣∣∣|Rp,q| = rp,q

)
≥ 1− 2 exp(−4H (Cα,β , r)). (57)

We then analyze the behaviour of |Rp,q| ∼ Bin(m,Pp,q). For
any δ ∈ (0, 1), the weakened Chernoff bound in Lemma 29
gives

P
(∣∣|Rp,q| −mPp,q

∣∣ ≥ δmPp,q

)
≤ 2 exp

(
− δ2mPp,q

3

)
.

Because Pp,q ≥ c0∥p − q∥2 ≥ c0r for some constant c0
(by Lemma 1 and (p,q) ∈ N (2)

r,δ4
) and mr ≳ H (Cα,β , r)

with large enough implied constant, we have
√

12H (Cα,β ,r)
mPp,q

∈

(0, 1). Thus, we can set δ =
√

12H (Cα,β ,r)
mPp,q

in the Chernoff
bound to obtain

P

(
||Rp,q| −mPp,q | <

√
12mPp,q H (Cα,β , r)

)
≥ 1− 2 exp(−4H (Cα,β , r)). (58)

Also note that this high-probability event implies |Rp,q| ≤
2mPp,q. Given (p,q) ∈ N (2)

r,δ4
, we combine (57) and (58),

together with E(Zp,q
i ) ≲ 1 implied by Lemma 8 and Pp,q ≲

∥p−q∥2 from Lemma 1, we come to the unconditional bound

Tp,q
1 ≤ C2η

√
∥p− q∥2H (Cα,β , r)

m
+ Tp,q

η

that holds with probability at least 1− 4 exp(−4H (Cα,β , r)).
Taking a union bound over (p,q) ∈ N (2)

r,δ4
completes the proof.

Calculating E(Zp,q
i ) and Tp,q

η :
In the right-hand side of (55), η has minimal impact on

the first term since it appears as a leading factor. In contrast,
η should be chosen such that another term Tp,q

η is small
enough to establish an effective contraction. We note in
advance that the selection of η in our problem is indeed more
delicate: in our analysis of Tp,q

2 , another term proportional to
∥p − q∥2 arises and competes with Tp,q

η (see Pp,q |EẐp,q
i |

in Lemma 14). Here, it is imperative to accurately evaluate
Tp,q
η = |∥p − q∥2 − η Pp,qE(Z

p,q
i )|. We thus proceed to

the calculations of Pp,qE(Z
p,q
i ) that contain a number of

technical ingredients: first, it looks difficult (if not impossible)
to seek an exact formula for Pp,qE(Z

p,q
i ) due to the intricate

P.D.F. of Zp,q
i , and our remedy is to allow for the imprecision

of o(∥p − q∥2), which will not affect the selection of η
and can deliver several notable reductions; second, since the
distribution of Zp,q

i essentially varies with the relative position
of (p,q), we have to provide separate treatments to the two
cases of 0 < u2 < ξ̂ and u2 > ξ̂ where ξ̂ = τ

2
√

log(u1−v1)−1
.

Lemma 10 (Calculating E(Zp,q
i )). We consider (p,q) ∈

N (2)
r,δ4

parameterized as p = u1β1 + u2β2,q = v1β1 + u2β2

for some orthonormal (β1 = p−q
∥p−q∥2

,β2) and some u1 > v1
and u2 ≥ 0, where ∥p − q∥2 = u1 − v1 is sufficiently
small. By (76), u1, v1, u2 are determined by (p,q) through
u1 = ⟨p,p−q⟩

∥p−q∥2
, v1 = ⟨q,p−q⟩

∥p−q∥2
and u2 =

(∥p∥2
2∥q∥

2
2−(p⊤q)2)1/2

∥p−q∥2
.

We further define

gη(a, b) =

√
2

π
exp

(
− τ2

2(a2 + b2)

)τ2a2 + b2(a2 + b2)

(a2 + b2)5/2
.

Then we have

Pp,qE(Z
p,q
i ) = (u1 − v1) · (gη(u1, u2) + Ep,q)

where Ep,q is a higher order term satisfying |Ep,q | ≤ C0(u1−
v1) log((u1−v1)

−1) for some constant C0 only depending on
(α, β, τ).

Remark 15. Since ∥p− q∥2 = u1 − v1 is sufficiently small,
we can write Ep,q = O(

√
∥p− q∥2) and then substitute

Pp,qE(Z
p,q
i ) = (u1 − v1) · (gη(u1, u2) + Ep,q) to obtain

Tp,q
η = ∥p− q∥2 ·

∣∣∣1− η
(
gη(u1, u2) +O(

√
∥p− q∥2)

)∣∣∣.
(59)

Proof of Lemma 10. To establish the desired

Pp,qE(Z
p,q
i ) = (u1 − v1) · (gη(u1, u2) + Ep,q),

it is sufficient to prove

Pp,qE(Z
p,q
i ) = (u1 − v1) ·

(
gη(v1, u2) + Ep,q

)
.

This observation follows from Taylor’s theorem: with suffi-
ciently small u1 − v1 and α2 ≤ u2

1 + u2
2, v

2
1 + u2

2 ≤ β2,
we have ∥(θu1 + (1 − θ)v1, u2)∥2 ∈ [α2 , β] holding for all
θ ∈ [0, 1]; we further observe that |∂gη(u1,u2)

∂u1
| is uniformly

bounded over α2

4 ≤ u2
1 + u2

2 ≤ β2, then invoke Taylor’s
theorem to obtain |gη(v1, u2)−gη(u1, u2)| = O(u1−v1). Note
that O(u1−v1) can be absorbed into Ep,q, hence substituting
this into Pp,qE(Z

p,q
i ) = (u1−v1)·

(
gη(v1, u2)+Ep,q

)
yields
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the desired Pp,qE(Z
p,q
i ) = (u1 − v1) · (gη(u1, u2) + Ep,q).

Therefore, it remains to show Pp,qE(Z
p,q
i ) = (u1 − v1) ·(

gη(v1, u2) + Ep,q

)
. We first consider u2 > 0 and will

separately deal with u2 = 0. By Lemma 7 we have

Pp,qE(Z
p,q
i ) =

√
2

π

∫ ∞

0

z exp
(
− z2

2

)(
P1 + P2

)
dz (60)

where under u2 > 0 we have

P1 = P
(max{τ − zu1,−τ − zv1}

u2
< N (0, 1) <

τ − zv1
u2

)
,

P2 = P
(max{zu1 − τ, zv1 + τ}

u2
< N (0, 1) <

τ + zu1

u2

)
.

Now we introduce

P ′
1 = P

(τ − zu1

u2
< N (0, 1) <

τ − zv1
u2

)
,

P ′
2 = P

(zv1 + τ

u2
< N (0, 1) <

zu1 + τ

u2

)
and show that we can proceed with the simpler P ′

1+P ′
2 (instead

of P1 + P2) without affecting the desired claim. Specifically,
observe that −τ − zv1 > τ − zu1 holds if and only if z >

2τ
u1−v1 , hence we have P1 = P ′

1 for z ≤ 2τ
u1−v1 . Similarly, we

have P2 = P ′
2 for z ≤ 2τ

u1−v1 . Therefore, we can bound the
deviation induced by substituting P1 + P2 with P ′

1 + P ′
2 in

(60) as follows:∣∣∣√ 2

π

∫ ∞

0

z exp
(
− z2

2

)(
[P1 + P2]− [P ′

1 + P ′
2]
)
dz
∣∣∣

≤ 2

√
2

π

∫ ∞

2τ
u1−v1

z exp
(
− z2

2

)
dz = 2

√
2

π
exp

(
− 2τ2

(u1 − v1)2

)
.

For sufficiently small u1 − v1, such deviation is of order
O(u1 − v1) and hence can be absorbed into Ep,q. Therefore,
we only need to show√

2

π

∫ ∞

0

z exp
(
−z2

2

)
(P ′

1+P ′
2) dz = (u1−v1)·(gη(v1, u2)+Ep,q).

To this end, we separately deal with “small u2” and “large
u2”.

Case 1: 0 ≤ u2 < τ

2
√

log(u1−v1)−1

In this case u2 is sufficiently small, thus we can assume
|u1| and |v1| are bounded away from 0, say, |u1| ≥ α

2 and
|v1| > α

2 . We can also assume u1 and v1 have the same
sign since u1 − v1 is small enough (see Figure 8(b) for a
graphical illustration). We will only consider u1 > v1 ≥ α

2 ,
and arguments for the case −α

2 ≥ u1 > v1 are parallel. We

first show that
√

2
π

∫∞
0

z exp(− z2

2 )P ′
2 dz can be absorbed into

Ep,q. By Lemma 25, for z ≥ 0 we have

P ′
2 ≤ P

(
N (0, 1) >

τ

u2

)
≤ 1

2
exp

(
− τ2

2u2
2

)
≤ (u1 − v1)

2

2
,

and thus√
2

π

∫ ∞

0

z exp
(
− z2

2

)
P ′
2 dz

≤ (u1 − v1)
2

√
2π

∫ ∞

0

z exp
(
− z2

2

)
dz =

(u1 − v1)
2

√
2π

,

which can be incorporated into (u1 − v1)Ep,q. Therefore, all
that remains is to show√

2

π

∫ ∞

0

z exp
(
− z2

2

)
P ′
1 dz = (u1−v1)·(gη(v1, u2)+Ep,q).

To this end, we proceed as in Equation (61), where (61a) is
due to the symmetry of exp(−w2

2 ); in (61b) we formulate
the domain of integration {z > 0, zv1−τ

u2
< w < zu1−τ

u2
}

as {w > − τ
u2
, wu2+τ

u1
< z < wu2+τ

v1
}, and then exchange

the order of integration; in (61c) we use the closed-form
integral

∫ b
a
z exp(− z2

2 )dz = exp(−a2

2 ) − exp(− b2

2 ); (61d) is
an imprecise step (thus we slightly abuse the notation “≈”) but
will not affect our desired claim, since the difference between
(61c) and (61d) is bounded by

1

π

∫ − τ
u2

−∞
exp

(
−w2

2

)
dw ≤

√
2

π
exp

(
− τ2

2u2
2

)
≤
√

2

π
(u1−v1)

2,

and can hence be incorporated into the higher order term (u1−
v1)Ep,q; in (61e) we introduce the shorthand F1(t, u2) :=
1
π

∫∞
−∞ exp

(
− w2

2

)
exp

(
− (wu2+τ)

2

2t2

)
dw, and since t will be

substituted by u1 and v1 we can proceed with the constraint
α
2 ≤ t ≤ β. We proceed to calculate F1(t, u2) as follows:

F1(t, u2) =
1

π

∫ ∞

−∞
exp

(
− w2

2
− (wu2 + τ)2

2t2

)
dw

=
1

π
exp

(
− τ2

2(t2 + u2
2)

)
·
∫ ∞

−∞
exp

(
− t2 + u2

2

2t2

(
w +

τu2

t2 + u2
2

)2)
dw

=
1

π
exp

(
− τ2

2(t2 + u2
2)

)∫ ∞

−∞
exp

(
− (t2 + u2

2)w
2

2t2

)
dw

=

√
2

π

t√
t2 + u2

2

exp
(
− τ2

2(t2 + u2
2)

)
.

Then we compute the derivatives to find ∂F1(t,u2)
∂t = gη(t, u2),

and also |∂
2F1(t,u2)
∂t2 | ≤ C1 holds uniformly for some constant

C1 depending on (α, β, τ), since t ∈ [α2 , β] and u2 ≤ β. Now
we continue from (61) and use Taylor’s theorem to obtain√

2

π

∫ ∞

0

z exp
(
− z2

2

)
P ′
1 dz

= F1(u1, u2)− F1(v1, u2)

=
∂F1(v1, u2)

∂t
(u1 − v1) +O

(
(u1 − v1)

2
)

= (u1 − v1) ·
(
gη(v1, u2) +O(u1 − v1)

)
,

as desired.

The case that u2 = 0:

In this case, without loss of generality we assume u1 >
v1 ≥ α

2 (see Figure 8(c)), then we have P
(
sign(|a1u1 +

a2u2| − τ) ̸= sign(|a1v1 + a2u2| − τ)||a1| = z
)

=
P
(
sign(zu1 − τ) ̸= sign(zv1 − τ)

)
= 1

(
τ
u1

≤ z < τ
v1

)
.

Thus, using the P.D.F. of Zp,q
i and applying Taylor’s theorem

to F1(t) := exp(− τ2

2t2 ) which possesses uniformly bounded
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√
2

π

∫ ∞

0

z exp
(
− z2

2

)
P ′
1 dz =

1

π

∫ ∞

0

z exp
(
− z2

2

)(∫ τ−zv1
u2

τ−zu1
u2

exp
(
− w2

2

)
dw
)

dz

=
1

π

∫ ∞

0

z exp
(
− z2

2

)(∫ zu1−τ
u2

zv1−τ
u2

exp
(
− w2

2

)
dw
)

dz (61a)

=
1

π

∫ ∞

− τ
u2

exp
(
− w2

2

)(∫ wu2+τ
v1

wu2+τ
u1

z exp
(
− z2

2

)
dz
)

dw (61b)

=
1

π

∫ ∞

− τ
u2

exp
(
− w2

2

)[
exp

(
− (wu2 + τ)2

2u2
1

)
− exp

(
− (wu2 + τ)2

2v21

)]
dw (61c)

≈ 1

π

∫ ∞

−∞
exp

(
− w2

2

)[
exp

(
− (wu2 + τ)2

2u2
1

)
− exp

(
− (wu2 + τ)2

2v21

)]
dw (61d)

: = F1(u1, u2)− F1(v1, u2) (61e)

second derivative, we obtain

Pp,qE(Z
p,q
i ) =

√
2

π

∫ τ
v1

τ
u1

z exp
(
− z2

2

)
dz

=

√
2

π

[
exp

(
− τ2

2u2
1

)
− exp

(
− τ2

2v21

)]
=

√
2

π
(u1 − v1) ·

[
exp

(
− τ2

2v21

)τ2
v31

+O(u1 − v1)
]

= (u1 − v1) ·
(
gη(v1, 0) +O(u1 − v1)

)
,

as desired.

Case 2: u2 ≥ τ

2
√

log(u1−v1)−1

See Figure 8(b) for a graphical illustration of this case. As
we pointed out, it suffices to show√

2

π

∫ ∞

0

z exp
(
− z2

2

)
(P ′

1 + P ′
2) dz

= (u1 − v1)(gη(v1, u2) +O(u1 − v1)).

Note that we can write

P ′
1 = Φ

(τ − zv1
u2

)
− Φ

(τ − zu1

u2

)
= Φ

(zu1 − τ

u2

)
− Φ

(zv1 − τ

u2

)
,

P ′
2 = Φ

(zu1 + τ

u2

)
− Φ

(zv1 + τ

u2

)
,

where Φ(t) is the C.D.F. of N (0, 1). Then because Φ′′(t) =

− t√
2π

exp(− t2

2 ) is uniformly bounded by 1, Taylor’s theorem
gives

P ′
1 = Φ′

(zv1 − τ

u2

)z(u1 − v1)

u2
+ P ′

1,r,

P ′
2 = Φ′

(zv1 + τ

u2

)z(u1 − v1)

u2
+ P ′

2,r,

where the remainders satisfy |P ′
1,r| ≤

z2(u1−v1)2
2u2

2
and |P ′

2,r| ≤
z2(u1−v1)2

2u2
2

. We now show that the remainders only have
minimal impact in the sense that it can only contribute to the
higher order term (u1 − v1)Ep,q. Specifically, we can bound

the effect of P ′
1,r by√

2

π

∫ ∞

0

z exp
(
− z2

2

)
|P ′

1,r| dz

≤
√

2

π

(u1 − v1)
2

2u2
2

∫ ∞

0

z3 exp
(
− z2

2

)
dz

= (u1 − v1) ·O
( u1 − v1
log(u1 − v1)−1

)
,

where in the last equality we substitute u2 ≥ τ

2
√

log(u1−v1)−1
.

Analogously, the same bound holds similarly for P ′
2,r. There-

fore, we can safely replace P ′
1 + P ′

2 with

Φ′
(zv1 − τ

u2

)z(u1 − v1)

u2
+Φ′

(zv1 + τ

u2

)z(u1 − v1)

u2
,

and all that remains is to prove√
2

π

u1 − v1
u2

×
∫ ∞

0

z2 exp
(
− z2

2

)[
Φ′
(zv1 − τ

u2

)
+Φ′

(zv1 + τ

u2

)]
dz

= (u1 − v1) ·
(
gη(v1, u2) +O(u1 − v1)

)
To this end, by substituting Φ′(t) = 1√

2π
exp(− t2

2 ) we
proceed as in Equation (62), where in (62a) we employ a
change of the variable that substitutes z + τv1

u2
2+v

2
1

with z; in

(62b) we utilize a change of the variable w =

√
u2
2+v

2
1 ·z

u2
to

facilitate the comparison with N (0, 1). Thus, we obtain the
claim again. Note that the above discussions cover all the
situations, completing the proof.

Step 1.2: Bounding |Tp,q
2 | over N (2)

r,δ4

Next, we proceed to bounding |Tp,q
2 |. The strategy is similar

to that for bounding Tp,q
1 but many details differ. Substituting

h1(p,q) =
1
m

∑
i∈Rp,q

sign(a⊤i (p− q))ai into Tp,q
2 yields

Tp,q
2 =

1

m

∑
i∈Rp,q

sign(a⊤i (p− q))a⊤i β2
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u1 − v1
πu2

∫ ∞

0

z2 exp
(
− z2

2

)[
exp

(
− (zv1 − τ)2

2u2
2

)
+ exp

(
− (zv1 + τ)2

2u2
2

)]
dz

=
u1 − v1
πu2

∫ ∞

−∞
z2 exp

(
− z2

2

)
exp

(
− (zv1 + τ)2

2u2
2

)
dz

=
u1 − v1
πu2

exp
(
− τ2

2(u2
2 + v21)

)∫ ∞

−∞
z2 exp

(
− u2

2 + v21
2u2

2

(
z +

τv1
u2
2 + v21

)2)
dz

=
u1 − v1
πu2

exp
(
− τ2

2(u2
2 + v21)

)∫ ∞

−∞

(
z − τv1

u2
2 + v21

)2
exp

(
− (u2

2 + v21)z
2

2u2
2

)
dz (62a)

=
u1 − v1
πu2

exp
(
− τ2

2(u2
2 + v21)

)∫ ∞

−∞

(
z2 +

τ2v21
(u2

2 + v21)
2

)
exp

(
− (u2

2 + v21)z
2

2u2
2

)
dz

=
u1 − v1

π
√
u2
2 + v21

exp
(
− τ2

2(u2
2 + v21)

)∫ ∞

−∞

( u2
2w

2

u2
2 + v21

+
τ2v21

(u2
2 + v21)

2

)
exp

(
− w2

2

)
dw (62b)

= (u1 − v1) ·
(√ 2

π
exp

(
− τ2

2(u2
2 + v21)

)u2
2(u

2
2 + v21) + τ2v21

(u2
2 + v21)

5/2

)
= (u1 − v1) · gη(v1, u2),

=
1

m

∑
i∈Rp,q

sign(a⊤i β1)a
⊤
i β2

where β1 = p−q
∥p−q∥2

and β2 are orthonormal, and they
parameterize (p,q) as p = u1β1+u2β2 and q = v1β1+u2β2

for some (u1, u2, v1) satisfying u1 > v1, u2 ≥ 0. Con-
ditioning on |Rp,q| = |{i ∈ [m] : sign(|a⊤i p| − τ) ̸=
sign(|a⊤i q| − τ)}| = rp,q, we identify the distribution of
Tp,q
2 with Tp,q

2 |{|Rp,q| = rp,q} ∼ 1
m

∑rp,q

i=1 Ẑp,q
i where the

i.i.d. random variables Ẑp,q
1 , · · · , Ẑp,q

rp,q
follow the conditional

distribution

Ẑp,q
i ∼ sign(a⊤β1)a

⊤β2

∣∣{ sign(|a⊤p|−τ) ̸= sign(|a⊤q|−τ)
}

with standard Gaussian vector a ∼ N (0, In).

The P.D.F. of Ẑp,q
i :

By p = u1β1 + u2β2 and q = v1β1 + u2β2 and the
rotational invariance of a ∼ N (0, In) we have

Ẑp,q
i = sign(a1)a2

∣∣∣∣{ sign(|a1u1 + a2u2| − τ)

̸= sign(|a1v1 + a2u2| − τ)

}
= sign(a1)a2

∣∣∣∣{ sign(||a1|u1 + sign(a1)a2u2| − τ)

̸= sign(||a1|v1 + sign(a1)a2u2| − τ)

}
∼ a2

∣∣∣{ sign(||a1|u1 + a2u2| − τ)

̸= sign(||a1|v1 + a2u2| − τ)
}
,

where a1, a2 are independent N (0, 1) variables, and we can
replace sign(a1)a2 by a2 in the last line because (a1, a2)
and (a1, sign(a1)a2) have the same distribution. We define
the event Ẽ = {sign(||a1|u1 + a2u2| − τ) ̸= sign(||a1|v1 +
a2u2| − τ)} and evaluate its probability by

P(Ẽ)

= P
(
sign(||a1|u1 + a2u2| − τ) ̸= sign(||a1|v1 + a2u2| − τ)

)

= P
(
sign(|a1u1 + a2 sign(a1)u2| − τ)

̸= sign(|a1v1 + a2 sign(a1)u2| − τ)
)

= P
(
sign(|a1u1 + a2u2| − τ) ̸= sign(|a1v1 + a2u2| − τ)

)
= Pp,q .

Now we can formulate the P.D.F. of Ẑp,q
i by Bayes’ Theorem

as

fẐp,q
i

(z) =
fa2(z) ·P(Ẽ|a2 = z)

P(Ẽ)
=

exp(− z2

2 ) ·P(Ẽ|a2 = z)
√
2π Pp,q

=
P(sign(||a1|u1 + zu2| − τ) ̸= sign(||a1|v1 + zu2| − τ))√

2π · Pp,q

× exp(−z2

2
), z ∈ R. (63)

Lemma 11 (The P.D.F. of Ẑp,q
i ). Given (p,q) ∈ N (2)

r,δ4
, for

z ∈ R we have P(Ẽ|a2 = z) = P3 + P4 where

P3 := P
(
|a1|u1 + zu2 > τ, −τ < |a1|v1 + zu2 < τ

)
,

P4 := P
(
− τ < |a1|u1 + zu2 < τ, |a1|v1 + zu2 < −τ

)
with a1 ∼ N (0, 1). Substituting into (63) yields the P.D.F. of
Ẑp,q
i as

fẐp,q
i

(z) =
exp(− z2

2 ) · [P3 + P4]√
2π · Pp,q

, z ∈ R.

Proof. We only need to calculate P(Ẽ|a2 = z) =
P(sign(||a1|u1+ zu2|− τ) ̸= sign(||a1|v1+ zu2|− τ)) where
a1 ∼ N (0, 1). Then, |a1|u1 > |a1|v1 holds almost surely.
Thus, without affecting the subsequent probability calculation
the event {sign(||a1|u1+zu2|−τ) ̸= sign(||a1|v1+zu2|−τ)}
holds if and only if either E3 := {|a1|u1 + zu2 > τ, −τ <
|a1|v1+zu2 < τ} or E4 := {−τ < |a1|u1+zu2 < τ, |a1|v1+
zu2 < −τ} holds. Note that E3 and E4 are disjoint, and thus
we can write P(Ẽ|a2 = z) = P(E3) + P(E4) := P3 + P4,
as desired.
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Sub-Gaussianity of Ẑp,q
i :

Next, we show in Lemma 12 that Ẑp,q
i is O(1)-sub-

Gaussian. Again, a careful examination of all possible
(u1, u2, v1) is in order.

Lemma 12 (Ẑp,q
i is O(1)-Sub-Gaussian). Suppose δ4 ≤ α

2 ,
there exists an constant C0 depending on (α, β, τ) such that
∥Ẑp,q

i ∥ψ2
≤ C0 holds for any (p,q) ∈ N (2)

r,δ4
.

Proof. By Lemma 11 the P.D.F. of Ẑp,q
i is given by

fẐp,q
i

(z) =
exp(− z2

2 )(P3 + P4)√
2π Pp,q

≤
C0 exp(− z2

2 )(P3 + P4)

u1 − v1
, z ∈ R, (64)

where the inequality holds for some constant C0 because
Pp,q ≍ dist(p,q) = ∥p − q∥2 for (p,q) ∈ N (2)

r,δ4
. We

show ∥Ẑp,q
i ∥ψ2

= O(1) by discussing different cases of
(u1, u2, v1).

(a) (b) (c) (d)

Fig. 9. We parametrize p,q ∈ Aα,β as (u1, u2) and (v1, u2) that obey
u1 > v1 and u2 ≥ 0, with (u1, u2) and v1, u2 being alluded to by the blue
arrow and red arrow respectively in this figure. The above four sub-figures
are concerned with different cases of “u2 being bounded away from 0” (say,
u2 ≥ α

2
): (a) 0 < v1 < u1

2
; (b) u1

2
≤ v1 < u1; (c) v1 < 0 < u1; (d)

v1 = 0 < u1.

Case 1: u1 > v1 > 0 or v1 < u1 < 0

We only analyze u1 > v1 > 0 since the case v1 < u1 < 0
can be done analogously. Under u1 > v1 > 0, P3 and P4

in Lemma 11 simplify to P3 = P
(
|a1| > τ−zu2

u1
, |a1| >

−τ−zu2

v1
, |a1| < τ−zu2

v1

)
and P4 = P

(
|a1| > −τ−zu2

u1
, |a1| <

τ−zu2

u1
, |a1| < −τ−zu2

v1

)
. We proceed to analyze the several

cases separately.
(Case 1.1: 0 ≤ u2 ≤ α

2 )
In this case, u2 might be very small or even exactly equal

to 0, see Figure 8(b) and Figure 8(c). Due to u2
1 + u2

2 ≥ α2

and v21+u2
2 ≥ α2, we in turn have u1 ≥ α

2 and v1 ≥ α
2 . Since

the P.D.F. of |a1| is given by f|a1|(z) =
√

2
π e

− z2

2 for z ≥ 0,
we have

P3 ≤
√

2

π

∣∣∣τ − zu2

v1
− τ − zu2

u1

∣∣∣
≤
√

2

π

(u1 − v1)|τ − zu2|
u1v1

≤
√

32

π

(τ + α|z|)(u1 − v1)

α2
;

P4 ≤
√

2

π

∣∣∣−τ − zu2

v1
− −τ − zu2

u1

∣∣∣
≤
√

2

π

(u1 − v1)|τ + zu2|
u1v1

≤
√

32

π

(τ + α|z|)(u1 − v1)

α2
.

Substituting these into (64) yields

fẐp,q
i

(z) ≤
√

2

π

8C0

α2
(τ + α|z|) exp

(
− z2

2

)
≤ exp

(
− z2

4

)
where the second inequality holds when z is larger than some
constant. This establishes ∥Ẑp,q

i ∥ψ2
= O(1).

(Case 1.2: u2 > α
2 , 0 < v1 < u1

2 )
See Figure 9(a) for a graphical illustration of this case. Note

that 0 < v1 < u1

2 gives u1 − v1 ≥ u1

2 , hence (64) implies

fẐp,q
i

(z) ≤
2C0 exp(− z2

2 )(P3 + P4)

u1
, z ∈ R. (65)

Since τ−zu2

v1
≤ τ−αz

2

v1
≤ 0, we have P3 = 0 when z ≥ 2τ

α .
When z ≤ 0, we use Lemma 25 to obtain

P3 ≤ P
(
|a1| >

τ − zu2

u1

)
≤ P

(
|a1| >

τ

u1

)
≤ exp

(
− τ2

2u2
1

)
.

Thus we come to P3 ≤ exp
(
− τ2

2u2
1

)
when |z| > 2τ

α . Similarly,
we have P4 = 0 when z ≥ 0. When z ≤ − 4τ

α , we have

P4 ≤ P
(
|a1| >

−τ − zu2

u1

)
≤ P

(
|a1| >

−τ + 4τ
α · α2

u1

)
= P

(
|a1| >

τ

u1

)
≤ exp

(
− τ2

2u2
1

)
.

Therefore, we arrive at P4 ≤ exp
(
− τ2

2u2
1

)
when |z| > 4τ

α .

Substituting the bounds on P3, P4 into (65) yields

fẐp,q
i

(z) ≤ 4C0

u1
exp

(
− τ2

2u2
1

)
exp

(
−z2

2

)
≤ C1e

− z2

2 , |z| > 4τ

α
,

where the second inequality holds because 1
u1

exp(− τ2

2u2
1
) is

uniformly bounded for u1 > 0. Thus we obtain ∥Ẑp,q
i ∥ψ2

=
O(1).

(Case 1.3: u2 > α
2 , v1 ≥ u1

2 )
Readers can have Figure 9(b) in mind. As shown in Case

1.2, P3 = P4 = 0 when z > 2τ
α , we can hence focus on z < 0.

Suppose z ≤ − 4τ
α , then τ−zu2 > −τ−zu2 ≥ −τ+ 4τ

α
α
2 ≥ τ ,

and moreover

P3 ≤ P
(
τ − zu2

u1
< |a1| <

τ − zu2

v1

)
≤
√

2

π
exp

(
− (τ − zu2)

2

2u2
1

)∣∣∣τ − zu2

v1
− τ − zu2

u1

∣∣∣
≤
√

2

π
exp

(
− τ2

2u2
1

) (u1 − v1)|τ − zu2|
u1v1

≤
√

8

π
exp

(
− τ2

2u2
1

) (u1 − v1)(τ + |z|β)
u2
1

; (66a)

P4 ≤ P
(
−τ − zu2

u1
< |a1| <

−τ − zu2

v1

)
≤
√

2

π
exp

(
− (τ + zu2)

2

2u2
1

)∣∣∣−τ − zu2

v1
− −τ − zu2

u1

∣∣∣
≤
√

2

π
exp

(
− τ2

2u2
1

) (u1 − v1)|τ + zu2|
u1v1
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≤
√

8

π
exp

(
− τ2

2u2
1

) (u1 − v1)(τ + |z|β)
u2
1

, (66b)

where in (66a) and (66b) we use v1 ≥ u1

2 , |u2| ≤ β and
triangle inequality. Combining these pieces, we arrive at

P3+P4 ≤ 8

√
2

π

β|z|
u2
1

exp
(
− τ2

2u2
1

)
(u1−v1) ≤ C2|z|(u1−v1)

when |z| > 4τ
α , where we use τ + |z|β ≤ 2|z|β in the

first inequality, and then the second inequality holds for some
constant C2 since 1

u2
1
exp(− τ2

2u2
1
) is uniformly bounded for

u1 > 0. Now we substitute this bound into (64) to obtain

fẐp,q
i

(z) ≤ C0C2|z| exp
(
− z2

2

)
≤ exp

(
− z2

4

)
when |z| is large enough. We thus obtain ∥Ẑp,q

i ∥ψ2
= O(1).

Case 2: u1 ≥ 0 ≥ v1
In this case we have α

2 ≥ δ4 ≥ ∥p − q∥2 = u1 − v1 ≥
max{u1, |v1|}, and hence we have u2 > α

2 due to u2
1 + u2

2 ≥
α2 and v21 + u2

2 ≥ α2. Combining with (64) yields

fẐp,q
i

(z) ≤
C0 exp(− z2

2 )(P3 + P4)

max{u1, |v1|}
, z ∈ R. (67)

We proceed to discuss the several cases.
(Case 2.1: u1 > 0 > v1)

Readers can find a graphical illustration in Figure 9(c). In
this case we have

P3 := P
(
|a1| >

τ − zu2

u1
, |a1| >

zu2 − τ

|v1|
, |a1| <

τ + zu2

|v1|

)
,

P4 := P
(
|a1| >

−τ − zu2

u1
, |a1| >

τ + zu2

|v1|
, |a1| <

τ − zu2

u1

)
.

Since τ+zu2

|v1| ≤ 0, it follows that P3 = 0 when z < − 2τ
α .

When z ≥ 4τ
α by Lemma 25 we have

P3 ≤ P
(
|a1| >

zu2 − τ

|v1|

)
≤ P

(
|a1| >

τ

|v1|

)
≤ exp

(
− τ2

2v21

)
.

Therefore, we come to P3 ≤ exp
(
− τ2

2v21

)
when |z| ≥ 4τ

α .

Similarly, P4 = 0 when z ≥ 2τ
α because τ−zu2

u1
≤ 0. When

z ≤ − 4τ
α , by Lemma 25 we proceed as

P4 ≤ P
(
|a1| >

−τ − zu2

u1

)
≤ P

(
|a1| ≥

τ

u1

)
≤ exp

(
− τ2

2u2
1

)
.

Thus, we arrive at P4 ≤ exp
(
− τ2

2u2
1

)
when |z| ≥ 4τ

α .
Combining these bounds we obtain

P3 + P4 ≤ 2 exp
(
− τ2

2(max{u1, |v1|})2
)
, |z| ≥ 4τ

α
.

Substituting this into (67) yields

fẐp,q
i

(z) ≤
2C0 exp(− z2

2 )

max{u1, |v1|}
exp

(
− τ2

2(max{u1, |v1|})2
)

≤ C3 exp
(
− z2

2

)
, |z| ≥ 4τ

α
,

where the second inequality is due to the uniform boundedness
of the function g(t) = 1

t exp(−
τ2

2t2 ). We come to ∥Ẑp,q
i ∥ψ2 =

O(1).

(Case 2.2: u1 > 0 = v1)
See Figure 9(d) for an intuitive illustration. When |z| > 2τ

α

we have |zu2| = |z(v21 + u2
2)

1/2| ≥ |αz| > τ and hence
P3 = 0. Also, when z ≥ 0 we have zu2 ≥ 0, which leads to
P4 = 0. Moreover, when z < − 4τ

α it follows that

P4 ≤ P
(
|a1| >

−τ − zu2

u1

)
≤ P

(
|a1| >

τ

u1

)
≤ exp

(
− τ2

2u2
1

)
.

Therefore, we have shown P3 +P4 ≤ exp(− τ2

2u2
1
) when |z| >

4τ
α , then analogously to the previous cases, we can show the

desired claim by substituting this into (67).
(Case 2.3: u1 = 0 > v1)

Note that |zu2| > τ holds when |z| > 2τ
α , which implies

P4 = 0. Also observe that P3 = 0 when z ≤ 0. Moreover,
when z ≥ 4τ

α we can bound P3 by Lemma 25 as

P3 ≤ P
(
|a1|v1 + zu2 < τ

)
= P

(
|a1| >

zu2 − τ

|v1|

)
≤ P

(
|a1| >

τ

|v1|

)
≤ exp

(
− τ2

2v21

)
.

Combining all the pieces, we arrive at P3 +P4 ≤ exp(− τ2

2v21
)

when |z| ≥ 4τ
α , and substituting this into (67) proves the

desired claim. Note that we have established the claim in all
the cases that might appear, which completes the proof.

Concentration Bound on |Tp,q
2 |:

We have the following that is obtained by a proof strategy
similar to that of Lemma 9.

Lemma 13 (Bounding |Tp,q
2 | over N (2)

r,δ4
). Suppose mr ≥

CH (Cα,β , r) holds for some sufficiently large C, then for
some constants C1 the event

|Tp,q
2 | ≤ C1

√
∥p− q∥2H (Cα,β , r)

m

+ Pp,q |E(Ẑp,q
i )|, ∀(p,q) ∈ N (2)

r,δ4
(68)

holds with probability at least 1− 4 exp(−2H (Cα,β , r)).

Proof. We have shown that Tp,q
2 −E[Tp,q

2 |{|Rp,q| = rp,q}]
has the same distribution as 1

m

∑rp,q

i=1

(
Ẑp,q
i −E[Ẑp,q

i ]
)

where
Ẑp,q
1 , · · · , Ẑp,q

rp,q
are i.i.d. random variables with O(1) sub-

Gaussian norm. By centering (see [72, Lem. 2.6.8]) we obtain
∥Ẑp,q

i − E[Ẑp,q
i ]∥ψ2

= O(1), and similarly to (56) we can
use [72, Prop. 2.6.1] to show∥∥∥ 1

m

rp,q∑
i=1

(Ẑp,q
i −E[Ẑp,q

i ])
∥∥∥
ψ2

≲
√
rp,q

m
.

By the tail bound of sub-Gaussian variable and
E[Tp,q

2 |{|Rp,q| = rp,q}] = rp,q

m E[Ẑp,q
i ], we have

P

(∣∣∣Tp,q
2 − rp,qE[Ẑ

p,q
i ]

m

∣∣∣ ≤ rp,qt

m

∣∣∣∣{|Rp,q| = rp,q}
)

≥ 1− 2 exp(−crp,qt
2),

which leads to

|Tp,q
2 | ≤ rp,q

m
(|EẐp,q

i |+ t)
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≤ Pp,q |EẐp,q
i |+

∣∣∣rp,q
m

− Pp,q

∣∣∣ · |EẐp,q
i |+ rp,qt

m

holding with the same probability when conditioning on
{|Rp,q| = rp,q}. For every positive rp,q, we set t =

C1

√
H (Cα,β ,r)

rp,q
with large enough C1 to come to

P

(
|Tp,q

2 | ≤ Pp,q |EẐp,q
i |+

∣∣∣ |Rp,q|
m

− Pp,q

∣∣∣|EẐp,q
i |

+
C1

√
|Rp,q|H (Cα,β , r)

m

∣∣∣∣|Rp,q|
)

≥ 1− 2 exp(−4H (Cα,β , r)). (69)

Next, we analyze the behaviour of |Rp,q| ∼ Bin(m,Pp,q),
which has been done in the proof of Lemma 9. Specifically,
under mr ≥ C2H (Cα,β , r) with sufficiently large C2,

||Rp,q| −mPp,q | <
√
12mPp,q H (Cα,β , r)

and |Rp,q| < 2mPp,q hold with probability at least
1 − 2 exp(−4H (Cα,β , r)). Taken collectively with (69) and
Pp,q ≲ ∥p − q∥2 and E|Ẑp,q

i | ≲ 1, we arrive at the
unconditional bound

|Tp,q
2 | ≤ C3

√
∥p− q∥2H (Cα,β , r)

m
+ Pp,q |EẐp,q

i |

which holds with probability at least 1 −
4 exp(−4H (Cα,β , r)). Taking a union bound over N (2)

r,δ4
yields the claim.

Calculating Pp,q |EẐp,q
i |:

We provide a closed-form expression for Pp,q |EẐp,q
i |

which possibly contains an imprecision of O(∥p − q∥22) =
o(∥p− q∥2).

Lemma 14 (Calculating Pp,q |EẐp,q
i |). In the setting of

Lemma 10, we define

hη(a, b) =

√
2

π
exp

(
− τ2

2(a2 + b2)

)ab(a2 + b2 − τ2)

(a2 + b2)5/2
,

then we have

Pp,q |EẐp,q
i | = ∥p− q∥2

∣∣hη(u1, u2) +O(∥p− q∥2)
∣∣.

Proof. By the P.D.F. of Ẑp,q
i and P3, P4 given in Lemma 11

we have

Pp,q |E(Ẑp,q
i )| =

∣∣∣ ∫ ∞

−∞

z exp(− z2

2 )[P3 + P4]√
2π

dz
∣∣∣

=
∣∣∣ ∫ ∞

0

∫ ∞

−∞

z exp(− z2+w2

2 )[1(E3) + 1(E4)]

π
dzdw

∣∣∣
where E3 and E4 are disjoint events given by E3 =

{
wu1 +

zu2 > τ,−τ < wv1 + zu2 < τ
}

and E4 =
{
− τ < wu1 +

zu2 < τ,wv1 + zu2 < −τ
}

. We first consider u2 > 0 and
then provide separate treatment to u2 = 0.

Case 1: u2 > 0

In this case we have

E3 =

{
max{τ − wu1,−τ − wv1}

u2
< z <

τ − wv1
u2

}
,

E4 =

{
−τ − wu1

u2
< z <

min{τ − wu1,−τ − wv1}
u2

}
.

Now we show that it suffices to prove∣∣∣ ∫ ∞

0

∫ ∞

−∞

z

π
exp

(
− z2 + w2

2

)
[1(E′

3) + 1(E
′
4)] dzdw

∣∣∣
= ∥p− q∥2|hη(u1, u2) +O(∥p− q∥2)|

where E′
3 and E′

4 are the simpler events defined as

E′
3 =

{
τ − wu1

u2
< z <

τ − wv1
u2

}
,

E′
4 =

{
−τ − wu1

u2
< z <

−τ − wv1
u2

}
.

To show this claim, we observe that E3 = E′
3 and E4 = E′

4

when w < 2τ
u1−v1 . Hence, by Lemma 25 the difference induced

by replacing 1(E3) + 1(E4) with 1(E′
3) + 1(E

′
4) is bounded

by ∣∣∣∣ 1π
∫ ∞

0

e−
w2

2

∫ ∞

−∞
ze−

z2

2 [1(E3) + 1(E4)

− 1(E′
3)− 1(E′

4)] dzdw
∣∣∣∣

=

∣∣∣∣ 1π
∫ ∞

2τ
u1−v1

e−
w2

2

∫ ∞

−∞
ze−

z2

2 [1(E3) + 1(E4)

− 1(E′
3)− 1(E′

4)] dzdw
∣∣∣∣

≤ 2

π

∫ ∞

2τ
u1−v1

e−
w2

2

(∫ ∞

−∞
|ze− z2

2 |dz
)

dw

=
4

π

∫ ∞

2τ
u1−v1

e−
w2

2 dw ≤ 2

√
2

π
exp

(
− τ2

2(u1 − v1)2

)
,

With ∥p− q∥2 = u1 − v1 being sufficiently small, the differ-
ence can be incorporated into O(∥p−q∥22). Therefore, all that
remains is to calculate |

∫∞
0

∫∞
−∞

z
π exp(− z2+w2

2 )[1(E′
3) +

1(E′
4)] dzdw|, and we proceed as∣∣∣ 1
π

∫ ∞

0

e−
w2

2

∫ ∞

−∞
ze−

z2

2 [1(E′
3) + 1(E

′
4)] dzdw

∣∣∣
=

∣∣∣∣ 1π
∫ ∞

0

e−
w2

2

[
exp

(
− (τ − wu1)

2

2u2
2

)
+ exp

(
− (τ + wu1)

2

2u2
2

)
− exp

(
− (τ − wv1)

2

2u2
2

)
− exp

(
− (τ + wv1)

2

2u2
2

)]
dw
∣∣∣∣

=

∣∣∣∣ 1π
∫ ∞

−∞
e−

w2

2

[
exp

(
− (τ + wu1)

2

2u2
2

)
− exp

(
− (τ + wv1)

2

2u2
2

)]
dw
∣∣∣∣

= |F2(u1, u2)− F2(v1, u2)|,

where in the last equality we introduce the short hand F2(t, u2)
and now further calculate it as

F2(t, u2) : =
1

π

∫ ∞

−∞
exp

(
− w2

2
− (τ + wt)2

2u2
2

)
dw
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=
1

π
exp

(
− τ2

2(u2
2 + t2)

)
·
∫ ∞

−∞
exp

(
− u2

2 + t2

2u2
2

(
w +

τt

u2
2 + t2

)2)
dw

=

√
2

π

u2√
u2
2 + t2

exp
(
− τ2

2(u2
2 + t2)

)
.

Note that we will use t = u1, v1 in F2(t, u2), hence we can
consider F2(t, u2) under the constraint t2 +u2

2 ∈ [α2, β2]. By
calculating the derivatives of F2(t, u2) we find ∂F2(t,u2)

∂t =

−hη(t, u2), and also ∂2F2(t,u2)
∂t2 is uniformly bounded under

the constraint t2 + u2
2 ∈ [α2, β2]. Hence, Taylor’s theorem

gives

|F2(u1, u2)− F2(v1, u2)|

=
∣∣∂F2(u1, u2)

∂t
(u1 − v1) +O((u1 − v1)

2)
∣∣

= ∥p− q∥2|hη(u1, u2) +O(∥p− q∥2)|

as desired.
Case 2: u2 = 0

When u2 = 0, we have

Pp,q |E(Ẑp,q
i )| =

∣∣∣ ∫ ∞

−∞

z exp(− z2

2 )[P3 + P4]√
2π

dz
∣∣∣ = 0

since P3 = Pa1∼N (0,1)(|a1| > τ, −τ < |a1|v1 < τ) and
P4 = Pa1∼N (0,1)(−τ < |a1|u1 < τ, |a1|v1 < −τ) do not
depend on z. Note that this case is accommodated by our
statement since hη(u1, 0) = 0. The proof is complete.

Step 1.3: Bounding Tp,q
3 over N (2)

r,δ4

Recall that (β1 = p−q
∥p−q∥2

,β2) are orthonormal and can
express (p,q) as p = u1β1 + u2β2 and q = v1β1 + u2β2,
and that we have h1(p,q) = 1

m

∑
i∈Rp,q

sign(a⊤i β1)ai and
h⊥
1 (p,q) := h1(p,q)−⟨h1(p,q),β1⟩β1−⟨h1(p,q),β2⟩β2.

Some algebra finds

h⊥
1 (p,q) =

1

m

∑
i∈Rp,q

sign(a⊤i β1)
[
ai − (a⊤i β1)β1 − (a⊤i β2)β2

]
: =

1

m

∑
i∈Rp,q

Gp,q
i ;

our goal is to control Tp,q
3 = ∥PC−(h

⊥
1 (p,q))∥2 uni-

formly over (p,q) ∈ N (2)
r,δ4

. Conditioning on |Rp,q| =

rp,q, the random vector h⊥
1 (p,q) has the same distri-

bution as 1
m

∑rp,q

i=1 Z̃p,q
i , where the i.i.d. random vec-

tors Z̃p,q
1 , · · · , Z̃p,q

rp,q
follows the conditional distribution

Gp,q
i

∣∣{ sign(|a⊤i p| − τ) ̸= sign(|a⊤i q| − τ)
}

.

Distribution of Z̃p,q
i :

There exists an orthogonal matrix P whose first two rows
are β1 and β2 respectively, such that Pp = u1e1 + u2e2
and Pq = v1e1 + u2e2. We then let ãi = Pai to arrive at
Gp,q
i = P⊤ sign(ã⊤i e1)

[
ãi − (ã⊤i e1)e1 − (ã⊤i e2)e2

]
and

{sign(|a⊤i p| − τ) ̸= sign(|a⊤i q| − τ)}
= {sign(|ã⊤i (u1e1 + u2e2)| − τ) ̸= sign(|ã⊤i (v1e1 + u2e2)| − τ)}.

By rotational invariance we have ãi := (ai)i∈[n] ∼ N (0, In),
then Z̃p,q

i follows the conditional distribution

P⊤ sign(a1)(0, 0, a3, · · · , an)⊤
∣∣∣∣{ sign(|a1u1 + a2u2| − τ)

̸= sign(|a1v1 + a2u2| − τ)
}

∼ P⊤(0, 0, a3, · · · , an)⊤
∣∣∣∣{ sign(|a1u1 + a2u2| − τ)

̸= sign(|a1v1 + a2u2| − τ)
}

∼ P⊤(0, 0, a3, · · · , an)⊤.

Letting ai be i.i.d. N (0, In) vectors and a
[3:n]
i be the vector

obtained by setting the first two entries of ai to 0, we come
to

h⊥
1 (p,q)

∣∣{|Rp,q| = rp,q} ∼ 1

m

rp,q∑
i=1

P⊤a
[3:n]
i

∼ P⊤

 0

0

N (0,
rp,q

m2 In−2)

 . (70)

Concentration Bound on Tp,q
3 :

We have the following.

Lemma 15 (Bounding Tp,q
3 over N (2)

r,δ4
). Suppose mr ≥

C0H (Cα,β , r) for some large enough C0, then for some
constant C the event

Tp,q
3 ≤ C1

√
∥p− q∥2[ω2(C(1)) + H (Cα,β , r)]

m
, ∀ (p,q) ∈ N (2)

r,δ4

holds with probability at least 1− 4 exp(−2H (Cα,β , r)).

Proof. For some orthogonal matrix P, the conditional distri-
bution h⊥

1 (p,q)|{|Rp,q| = rp,q} is identical to
√
rp,q

m P⊤a′

with a′ ∼ (0, 0,N (0, In−2))
⊤ in (70). By Lemma 26 we can

write

Tp,q
3 = ∥PC−(h

⊥
1 (p,q))∥2

= sup
w∈C−∩Bn

2

w⊤h⊥
1 (p,q) = sup

w∈C(1)

w⊤h⊥
1 (p,q)

Thus, when conditioning on {|Rp,q| = rp,q} we have

∥PC−(h
⊥
1 (p,q))∥2 ∼

√
rp,q

m
sup

w∈C(1)

w⊤P⊤a′

=

√
rp,q

m
sup

w∈PC(1)

w⊤a′.

For any w1,w2 ∈ PC(1) we have ∥w⊤
1 a

′ − w⊤
2 a

′∥ψ2 ≤
∥a′∥ψ2∥w1 − w2∥2 ≤ C∥w1 − w2∥2 for some absolute
constant C. Therefore, for any t ≥ 0, Lemma 30 yields

P

(
sup

w∈PC(1)

w⊤a′ ≤ C1[ω(C(1)) + t]
∣∣{|Rp,q| = rp,q}

)
≥ 1− 2 exp(−t2)

Taken collectively, we set t = 2
√

H (Cα,β , r) to arrive at

P

(
Tp,q
3 ≤

C1
√
rp,q ·

[
ω(C(1)) + 2

√
H (Cα,β , r)

]
m
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∣∣∣∣{|Rp,q| = rp,q}
)

≥ 1− 2 exp(−4H (Cα,β , r)).

The behaviour of |Rp,q| ∼ Bin(m,Pp,q) has been done in
the proof of Lemma 9. Particularly, if mr ≥ C0H (Cα,β , r)
with sufficiently large C0, then

||Rp,q| −mPp,q | ≤
√
12mPp,q H (Cα,β , r)

and |Rp,q| ≤ 2mPp,q hold with probability at least 1 −
2 exp(−4H (Cα,β , r)). Combining the conditional bound on
Tp,q
3 and the behaviour of |Rp,q|, along with Pp,q ≲ ∥p −

q∥2, we obtain the unconditional bound

Tp,q
3 ≤ C2

√
∥p− q∥2[ω2(C(1)) + H (Cα,β , r)]

m

which holds with probability at least 1 −
4 exp(−4H (Cα,β , r)). Taking a union bound over
(p,q) ∈ N (2)

r,δ4
completes the proof.

Step 1.4: Bounding ∥PC−(h2(p,q))∥2 over N (2)
r,δ4

We seek to control sup
(p,q)∈N (2)

r,δ4

∥PC−(h2(p,q))∥2 where

h2(p,q) :=

1

m

∑
i∈Rp,q∩Lp,q

[
sign(a⊤i (p+ q))− sign(a⊤i (p− q))

]
ai

with the index sets being given by Rp,q :=
{
i ∈ [m] :

sign(|a⊤i p| − τ) ̸= sign(|a⊤i q| − τ)
}

and Lp,q :=
{
i ∈

[m] : sign(a⊤i p) ̸= sign(a⊤i q)
}
. As we shall see, ∥h2(p,q)∥2

is a negligible higher-order term compared to ∥p − q − η ·
h1(p,q)∥2. The key intuition is that |Rp,q ∩ Lp,q| is essen-
tially smaller than |Rp,q|. More precisely, note that (p,q) ∈
N (2)
r,δ4

has small ∥p− q∥2; compared to P(i ∈ Rp,q) = Pp,q

that is order-wise equivalent to ∥p − q∥2 (Lemma 1), the
“double separation probability” P(i ∈ Rp,q ∩ Lp,q) decays
with ∥p−q∥2 in a much faster exponential way (Lemma 16).

Probability of Double Separation:
For u,v ∈ Rn and a ∼ N (0, In), the probability of u

and v being separated by both the hyperplane Ha,0 and the
phaseless hyperplane H|a| can be formulated as

P(2)
u,v = P

sign(|a⊤u| − τ) ̸= sign(|a⊤v| − τ)

sign(a⊤u) ̸= sign(a⊤v)

 ,

referred to as double separation probability henceforth.

Lemma 16. For any u,v ∈ Rn we have P(2)
u,v ≤ 4 exp

(
−

τ2

2∥u−v∥2
2

)
.

Proof. We proceed with the following estimations:

P(2)
u,v = P

sign(|a⊤u| − τ) ̸= sign(|a⊤v| − τ)

sign(a⊤u) ̸= sign(a⊤v)


= P

sign(a⊤u− τ) ̸= sign(−a⊤v − τ)

a⊤u ≥ 0, a⊤v < 0



+P

sign(−a⊤u− τ) ̸= sign(a⊤v − τ)

a⊤u < 0, a⊤v ≥ 0

 (71a)

= P

(
a⊤u ≥ τ, a⊤v > −τ

a⊤u ≥ 0, a⊤v < 0

)
+P

(
a⊤u < τ, a⊤v ≤ −τ

a⊤u ≥ 0, a⊤v < 0

)

+P

(
a⊤u ≤ −τ, a⊤v < τ

a⊤u < 0, a⊤v ≥ 0

)
+P

(
a⊤u > −τ, a⊤v ≥ τ

a⊤u < 0, a⊤v ≥ 0

)
(71b)

≤ P

(
a⊤u ≥ τ

a⊤v < 0

)
+P

(
a⊤u ≥ 0

a⊤v ≤ −τ

)

+P

(
a⊤u ≤ −τ

a⊤v ≥ 0

)
+P

(
a⊤u < 0

a⊤v ≥ τ

)
(71c)

≤ 4P(|a⊤(u− v)| ≥ τ)

≤ 8P
(
N (0, 1) ≥ τ

∥u− v∥2

)
≤ 4 exp

(
− τ2

2∥u− v∥22

)
, (71d)

where (71a) and (71b) are due to the law of total probability,
and in (71d) we use the Gaussian tail bound in Lemma 25.
The proof is complete.

Bounding ∥PC−(h2(p,q))∥2:
We shall show that a logarithmically small δ4 ensures

P(2)
p,q ≪ Pp,q for (p,q) ∈ N (2)

r,δ4
and consequently allows

for a tight enough bound on ∥PC−(h2(p,q))∥2.

Lemma 17. Suppose mr ≥ C[H (Cα,β , r) + ω2(C(1))] and
δ4 ≤ c

log1/2(r−1)
hold for some large enough C and small

enough c, then the event

∥PC−(h2(p,q))∥2 ≤ C1r, ∀(p,q) ∈ N (2)
r,δ4

holds with probability at least 1− 3 exp(−cmr).

Proof. We first bound |Rp,q∩Lp,q| for a fixed (p,q) ∈ N (2)
r,δ4

,
which satisfies ∥p−q∥2 ≤ 2δ4 for small enough c. Note that
|Rp,q ∩ Lp,q| ∼ Bin(m,P(2)

p,q) where the double separation
probability is bounded by Lemma 16 as P(2)

p,q ≤ 4 exp
(
−

τ2(2δ4)
−2

2

)
≤ rC2 for some constant C2 that can be made

sufficiently large, due to δ4 ≤ c
log1/2(r−1)

with small enough
c. By the first statement in Lemma 29 we obtain

P

(
|Rp,q ∩ Lp,q| ≥

C1mr√
log(r−1)

)
≤ P

(
Bin(m, rC2) ≥ C1mr√

log(r−1)

)
≤ exp

(
− C1mr

2
√

log(r−1)
log
( 1

rC2−2

))
≤ exp(−c3mr

√
log(r−1)).

We then take a union bound over (p,q) ∈ N (2)
r,δ4

, showing that

sup
(p,q)∈N (2)

r,δ4

|Rp,q ∩ Lp,q| <
C1mr√
log(r−1)
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holds with probability at least 1 − exp(2H (Cα,β , r) −
c3mr

√
log(r−1)) ≥ 1 − exp(−c4mr

√
log(r−1)), where we

use mr ≥ CH (Cα,β , r) with large enough C. Armed with
the uniform bound on |Rp,q ∩ Lp,q|, we use Lemma 26 to
get started and proceed as

sup
(p,q)∈N (2)

r,δ4

∥PC−(h2(p,q))∥2

= sup
(p,q)∈N (2)

r,δ4

sup
w∈C(1)

w⊤h2(p,q)

= sup
(p,q)∈N (2)

r,δ4

sup
w∈C(1)

1

m

∑
i∈Rp,q∩Lp,q

[
sign(a⊤i (p+ q))

− sign(a⊤i (p− q))
]
a⊤i w

≤ sup
(p,q)∈N (2)

r,δ4

sup
w∈C(1)

2

m

∑
i∈Rp,q∩Lp,q

|a⊤i w|

≤ sup
w∈C(1)

max
S⊂[m]

|S|≤ C1mr

log1/2(r−1)

2

m

∑
i∈S

|a⊤i w|

=
2C1r√
log(r−1)

sup
w∈C(1)

max
S⊂[m]

|S|≤ C1mr

log1/2(r−1)

√
log(r−1)

C1mr

∑
i∈S

|a⊤i w|

≤ 2C1r√
log(r−1)

× sup
w∈C(1)

max
S⊂[m]

|S|≤ C1mr

log1/2(r−1)

(√log(r−1)

C1mr

∑
i∈S

|a⊤i w|2
)1/2

≤ C2r
(( ω2(C(1))

mr
√
log r−1

)1/2
+ C3

)
≤ C2r(1 + C3) (72)

where in the last line, the first inequality holds with probability
at least 1 − 2 exp(−cmr) due to Lemma 32, the second
inequality follows from mr ≥ Cω2(C(1)) with large enough
C. The proof is complete.

B. Bounding ∥PC−(h(u,v)−h(u1,v1))∥2 (Step 2 in Large-
distance regime)

We make use of (26), Lemma 26 and triangle inequality to
obtain

∥PC−(h(u,v)− h(u1,v1))∥2
= sup

w∈C(1)

w⊤(h(u,v)− h(u1,v1)
)

≤ sup
w∈C(1)

3

m

∑
i∈Iu,u1,v,v1

|a⊤i w| (73)

where we let Iu,u1,v,v1
:= Rv,v1

∪Ru,u1
∪ Lu,u1

. We then
use technique similar to bounding ∥PC−(h2(p,q))∥2, that is,
we first establish the uniform bound on |Iu,u1,v,v1 | that can
be achieved by uniformly controlling |Rv,v1 |, |Ru,u1 | and
|Lu,u1

|, and then invoke Lemma 32. Interestingly, bounding
|Lp,q| is due to the local binary embedding for 1-bit com-
pressed sensing in [60], which we restate in Lemma 28.

Lemma 18. Suppose mr ≥ C[ω2(C(1)) + H (Cα,β , r)] holds
with large enough C1, then the event

∥PC−(h(u,v)−h(u1,v1))∥2 ≤ C2r log(r
−1), ∀u,v ∈ Cα,β

holds with probability at least 1− exp(−c3mr).

Proof. We first bound |Rv,v1
| and |Ru,u1

|. By Theorem 1
with K = Cα,β = C ∩ Aα,β and parameters (r′, r) therein
set as (2r, C0r

√
log(r−1)) for large enough constant C0, we

come to the following: if mr ≥ C1[ω
2(C(1)) + H (Cα,β , r)]

for sufficiently large C1, which is assumed in our statement,
then the event

|Rp,q| ≤ C2mr
√

log(r−1),

∀p,q ∈ Cα,β obeying ∥p− q∥2 ≤ r

holds with probability at least 1 − exp(−c0mr). Next, we
proceed to bound |Lu,u1

|. By ∥u1 − u∥2 ≤ r with small
enough r and Lemma 20, we obtain∥∥∥ u1

∥u1∥2
− u

∥u∥2

∥∥∥
2
= distd(u1,u) ≤

1

α
dist(u1,u) ≤

r

α
.

Then we invoke Lemma 28 with K = C∗ := C ∩ Sn−1

and parameters (r′, r) therein set as ( rα , C4r
√

log(r−1))
with sufficiently large C4, yielding the following: if mr ≥
C5[ω

2(C(1))+H (C∗, rα )] with sufficiently large C5, which is
assumed in our statement, then

dH
(
sign(Ap), sign(Aq)

)
≤ C6r

√
log(r−1)m,

∀p,q ∈ C∗ obeying ∥p− q∥2 ≤ r

α

holds with probability at least 1− exp(−c7r
√
log(r−1) ·m).

Combined with ∥ u1

∥u1∥2
− u

∥u∥2
∥2 ≤ r

α this event implies

|Lu,u1 | = dH

(
sign

(
A

u1

∥u1∥2
)
, sign

(
A

u

∥u∥2
))

≤ C6mr
√
log(r−1), ∀u ∈ Cα,β .

Therefore, universally for all u,v ∈ Cα,β we have

|Iu,u1,v,v1
| ≤ |Rv,v1

|+|Ru,u1
|+|Lu,u1

| ≤ C8mr
√
log(r−1)

holds with promised probability. With this bound we continue
from (73) to proceed as

∥PC−(h(u,v)− h(u1,v1))∥2 ≤ sup
w∈C(1)

3

m

∑
i∈Iu,u1,v,v1

|a⊤i w|

≤ 3C8r
√
log(r−1)

× sup
w∈C(1)

max
S⊂[m],|S|≤

C8mr
√

log(r−1)

1

C8mr
√
log(r−1)

∑
i∈S

|a⊤i w|

≤ 3C8r
√
log(r−1)

× sup
w∈C(1)

max
S⊂[m],|S|≤

C8mr
√

log(r−1)

( 1

C8mr
√
log(r−1)

∑
i∈S

|a⊤i w|2
)1/2

≤ C9r
√

log(r−1)
(ω(C(1))√

mr
+
√
log(r−1)

)
≤ C10r log(r

−1),

(74)
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where in the last line, the first inequality holds with the
promised probability due to Lemma 32, the second inequality
follows from mr ≳ ω2(C(1)) that we assume. The proof is
complete.

C. Bounding ∥PC−(h(u,v))∥2 (Small-distance regime)

For controlling ∥h(u,v)∥2 in the small-distance regime, a
tight enough bound can again be derived by the techniques in
(72) and (74).

Lemma 19. Suppose mr ≥ C1H (Cα,β , r) holds with large
enough C1, then

∥PC−(h(u,v))∥2 ≤ C2r log(r
−1),

∀u,v ∈ Cα,β obeying ∥u− v∥2 ≤ 3r

holds with probability at least 1− exp(−c3mr).

Proof. We use Lemma 26 and triangle inequality to get
started: ∥PC−(h(u,v))∥2 = supw∈C(1)

w⊤h(u,v) ≤
supw∈C(1)

1
m

∑
i∈Ru,v

|a⊤i w|. The remainder of the proof is
parallel to the ones for Lemmas 17–18. First we use The-
orem 1 to establish |Ru,v| ≤ C1mr

√
log(r−1) (∀u,v ∈

Cα,β obeying ∥u − v∥2 ≤ 3r) that holds with the promised
probability. Second, we utilize Lemma 32 to show the claim.
We omit further details.

D. The Proof of Theorem 8

Proof. Our goal is to control ∥PC−(u − v − η · h(u,v))∥2
uniformly for u,v ∈ Cα,β = C ∩Aα,β obeying ∥u − v∥2 ≤
δ4. In the main text, we construct Nr as a minimal r-net of
Cα,β and let u1,v1 be the points in Nr that are closest to
u,v, respectively, and then arrive at (16). We shall bound
∥PC−(u1 − v1 − η · h(u,v))∥2 separately for large-distance
regime and small-distance regime.

Large-distance regime:
Combining (17), (23) and (25) we come to

∥PC−(u1 − v1 − ηh(u,v))∥2
≤ Tu1,v1

1 + η|Tu1,v1

2 |+ ηTu1,v1

3 + η∥PC−(h2(u1,v1))∥2
+ η
∥∥PC−(h(u,v)− h(u1,v1))

∥∥
2
.

By Lemmas 9–10 and (59), we have

Tu1,v1

1 ≤ C1η

√
∥u1 − v1∥2H (Cα,β , r)

m

+ ∥u1 − v1∥2 ·
∣∣∣1− η · [gη(a, b) + c1

√
∥u1 − v1∥2]

∣∣∣,
where (a, b) depends on u1,v1 and satisfies a2+b2 ∈ [α2, β2],
holds uniformly for all (u1,v1) under consideration with the
promised probability. Similarly, with the promised probability,
combining Lemmas 13–14 yields the uniform bound

η · |Tu1,v1

2 | ≤ C2η

√
∥u1 − v1∥2H (Cα,β , r)

m
+ ∥u1 − v1∥2 · η · |hη(a, b) + c2∥u1 − v1∥2|;

Lemma 15 gives the uniform bound

η · Tu1,v1

3 ≤ C3η

√
∥u1 − v1∥2[ω2(C(1)) + H (Cα,β , r)]

m
;

under δ4 ≤ c
log1/2(r−1)

Lemma 17 gives the uniform bound

η · ∥PC−(h2(u1,v1))∥2 ≤ C4ηr;

and finally Lemma 18 delivers the uniform bound

η · ∥PC−(h(u,v)− h(u1,v1))∥2 ≤ C5ηr log(r
−1).

Combining these pieces and (16), and further taking supremum
on (a, b), we arrive at the uniform bound for large-distance
regime:

∥PC−(u− v − η · h(u,v))∥2

≤ C6η

√
∥u1 − v1∥2[ω2(C(1)) + H (Cα,β , r)]

m

+ ∥u1 − v1∥2 sup
a2+b2∈[α2,β2]

√
|1− ηgη(a, b)|2 + |ηhη(a, b)|2

+ C7ηr log(r
−1) + c8η∥u1 − v1∥5/42 . (75)

Small-distance regime:
Since ∥u1 − v1∥2 ≤ r, we have ∥u− v∥2 ≤ ∥u− u1∥2 +

∥u1 − v1∥2 + ∥v1 − v∥2 ≤ 3r. Thus by Lemma 19 we have
∥PC−(h(u,v))∥2 < C9r log(r

−1) holds for all u,v in small-
distance regime. Substituting this into (18) and combining with
(16), we obtain the uniform bound for small-distance regime:

∥PC−(u− v − η · h(u,v))∥2 ≤ C10r log(r
−1).

Concluding:
We combine the bounds in the two regimes, together

with triangle inequality, η = O(1) and mr ≳ ω2(C(1)) +
H (Cα,β , r), to come to the following final bound: for all
u,v ∈ Cα,β obeying ∥u− v∥2 ≤ δ4 ≤ c

log1/2(r−1)
, we have

∥PC−(u−v−η·h(u,v))∥2 ≤ δ1∥u−v∥2+
√
δ2∥u− v∥2+δ3

with the promised probability, where

δ1 = sup
a2+b2∈[α2,β2]

√
|1− ηgη(a, b)|2 + |ηhη(a, b)|2

+
c′

log1/8(r−1)
, δ2 =

C11[ω
2(C(1)) + H (Cα,β , r)]

m
,

and δ3 = C12r log(r
−1). This establishes the claim.

APPENDIX D
TECHNICAL LEMMAS

A. Auxiliary Facts

Lemma 20. For any (u,v) ∈ Aα,β we have

max{α distd(u,v),distn(u,v)}
≤ dist(u,v) ≤ β distd(u,v) + distn(u,v),

which implies dist(u,v) ≍ distd(u,v) + distn(u,v).

Lemma 21. For any (u,v) ∈ Aα,β we have

1

2β
∥uu⊤ − vv⊤∥F ≤ dist(u,v) ≤ 1

α
∥uu⊤ − vv⊤∥F.

Note that ∥uu⊤ − vv⊤∥op ≤ ∥uu⊤ − vv⊤∥F ≤
√
2∥uu⊤ −

vv⊤∥op.
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Lemma 22 (A Useful Parameterization). Given two different
points u,v (u ̸= v) in Aα,β , we let β1 = u−v

∥u−v∥2
and can

further find β2 satisfying ∥β2∥2 = 1 and ⟨β1,β2⟩ = 0, such
that u = u1β1 + u2β2, v = v1β1 + u2β2 hold for some
coordinates (u1, u2, v1) satisfying u1 > v1 and u2 ≥ 0. Note
that the coordinates (u1, u2, v1) are uniquely determined by
(u,v) through

u1 =
⟨u,u− v⟩
∥u− v∥2

, v1 =
⟨v,u− v⟩
∥u− v∥2

,

u2 =

√
∥u∥22∥v∥22 − (u⊤v)2

∥u− v∥2
. (76)

More specifically, we have v1 = −u1 when ∥u∥2 = ∥v∥2
holds.

Lemma 23. We define

F (η, a, b) =
√

|1− ηgη(a, b)|2 + |ηhη(a, b)|2

over η > 0 and a2+b2 ∈ [α2, β2] for some β ≥ α > 0, where
gη(a, b) and hη(a, b) are the functions introduced in Lemma
10 and Lemma 14. Then we have

sup
a2+b2∈[α2,β2]

F
(√πe

2
τ, a, b

)
= max

{
max

w∈[ τβ ,
τ
α ]

∣∣∣1− w3 exp
(1− w2

2

)∣∣∣,
max

w∈[ τβ ,
τ
α ]

∣∣∣1− w exp
(1− w2

2

)∣∣∣}.
Lemma 24 (Bounds on Gaussian Width and Metric Entropy,
e.g., [63], [72]). For some universal constants C1, C2, C3, C4

and for any small enough r > 0, we have

ω(Bn2 ) ≤
√

C1n, H (Bn2 , r) ≤ n log(
C2

r
),

ω(Σnk ∩ Bn2 ) ≤
√
C3k log(

en

k
), H (Σnk ∩ Bn2 , r) ≤ k log(

C4n

kr
).

Lemma 25 (Gaussian Tail Bound). Let X ∼ N (0, 1), then for
any t > 0 we have 1

4 exp(−t2) ≤ P(X ≥ t) ≤ 1
2 exp(−

t2

2 ).

Lemma 26 (See, e.g., Lemma 16 in [61]). Let D ⊂ Rn be a
closed cone, then for any v ∈ Rn we have

∥PD(v)∥2 = sup
u∈D∩Bn

2

u⊤v.

In particular, for v,v′ ∈ Rn and λ ≥ 0, this implies ∥PD(v+
v′)∥2 ≤ ∥PD(v)∥2 + ∥PD(v

′)∥2, ∥PD(λv)∥2 = λ∥PD(v)∥2
and ∥PD(v)∥2 ≤ ∥v∥2.

Lemma 27 (See, e.g., Lemma 18 in [61]). Let D be a closed
and non-empty set that contains 0, and C be a closed cone
such that D ⊂ C. Then for any v ∈ Rn we have ∥PD(v)∥2 ≤
2∥PC(v)∥2.

Lemma 28 (Local Binary Embedding, Theorem 3.2 in [60]).
Suppose that a1, · · · ,am are i.i.d. N (0, In). Given an arbi-
trary set K contained in Sn−1 and some sufficiently small
r satisfying rm ≥ C0 for some constant C0 ≥ 1, we let

r′ = c1r
log−1/2(r−1)

for some small enough c1. If

m ≥ C2

(ω2(K(r′))

r3
+

H (K, r′)

r

)
holds for some sufficiently large C2, then with probability at
least 1−C3 exp(−c4rm), for any u,v ∈ K with ∥u−v∥2 ≤ r′

we have dH
(
sign(Au), sign(Av)

)
≤ C5rm.

B. Concentration Inequalities

Lemma 29 (Chernoff Bound, e.g., Section 4.1 in [55]).
Suppose that X ∼ Bin(m, q) for some q ∈ (0, 1), then we
have the following bounds:

• (Chernoff Bound) For any δ > 0 we have

P
(
X ≥ (1+δ)mq

)
≤ exp

(
−mq

(
(1+δ) log(1+δ)−δ

))
;

We also have

P
(
X ≤ (1− δ)mq

)
≤ exp

(
−mq

(
(1− δ) log(1− δ)+ δ

))
for δ ∈ (0, 1):

• (Weakened Chernoff Bound) For any δ ∈ (0, 1) we have

P
(
X ≥ (1 + δ)mq

)
≤ exp

(
− δ2mq

3

)
,

P
(
X ≤ (1− δ)mq

)
≤ exp

(
− δ2mq

3

)
.

Lemma 30 (See, e.g., Exercise 8.6.5 in [72]). Let (Ru)u∈W
be a random process (not necessarily zero-mean) on a subset
W ⊂ Rn. Assume that R0 = 0, and ∥Ru −Rv∥ψ2

≤ K∥u−
v∥2 holds for all u,v ∈ W ∪ {0}. Then, for every t ≥ 0,
the event supu∈W

∣∣Ru

∣∣ ≤ CK
(
ω(W) + t · rad(W)

)
with

probability at least 1− 2 exp(−t2).

Lemma 31 (Concentration of Product Process, [32], [52]).
Let {gu}u∈U and {hv}b∈V be stochastic processes indexed
by two sets U ⊂ Rp and V ⊂ Rq , both defined on a
common probability space (Ω, A,P). We assume that there
exist KU ,KV , rU , rV ≥ 0 such that ∥gu − gu′∥ψ2

≤ KU∥u−
u′∥2, ∥gu∥ψ2

≤ rU (∀u,u′ ∈ U), and that ∥hv − hv′∥ψ2
≤

KV∥v − v′∥2, ∥hv∥ψ2 ≤ rV (∀v,v′ ∈ V). Suppose that
a1, ...,am are independent copies of a random variable a ∼
P, then for every t ≥ 1 the event

sup
u∈U

sup
v∈V

∣∣∣ 1
m

m∑
i=1

gu(ai)hv(ai)−E
[
gu(ai)hv(ai)

]∣∣∣
≤ C

(
(KU · ω(U) + t · rU ) · (KV · ω(V) + t · rV)

m

+
rU ·KV · ω(V) + rV ·KU · ω(U) + t · rUrV√

m

)
holds with probability at least 1− 2 exp(−ct2).

Lemma 32 (See, e.g., [23]). Let a1, ...,am be indepen-
dent random vectors in Rn satisfying E(aia⊤i ) = In and
maxi ∥ai∥ψ2 ≤ L. For some given given W ⊂ Rn and
1 ≤ ℓ ≤ m, there exist constants C1, c2 depending only on L
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such that the event

sup
x∈W

max
I⊂[m]
|I|≤ℓ

(1
ℓ

∑
i∈I

|⟨ai,x⟩|2
)1/2

≤ C1

(ω(W)√
ℓ

+ rad(W)

√
log
(em

ℓ

))
holds with probability at least 1− 2 exp(−c2ℓ log(

em
ℓ )).

APPENDIX E
PROOFS WITH STANDARD ARGUMENTS

This appendix collects the proofs with standard or elemen-
tary arguments, including the ones for Theorems 6–7, Lemma
2, Lemmas 5–6 and Lemmas 20–23.

A. Spectral Initialization (Theorems 6–7)

Population level:

We calculate E(Ŝx) where Ŝx = 1
m

∑m
i=1 yiaia

⊤
i .

Lemma 33 (Expectation of Ŝx). For any x ∈ Aα,β , we let
λx = ∥x∥2 and g ∼ N (0, 1), then for Ŝx = 1

m

∑m
i=1 yiaia

⊤
i

we have E(Ŝx) = axxx
⊤ + bxIn where

ax = λ−2
x ·E(sign(λx|g|−τ)(g2−1)), bx = E(sign(λx|g|−τ)).

Moreover, there exists some constant c0 > 0 only depending
on (α, β, τ) such that infx∈Aα,β

ax ≥ c0. Denote the first
two eigenvalues of E(Ŝx) by λ1(EŜx) and λ2(EŜx), then
we come to

λ1(EŜx)− λ2(EŜx) = ax∥x∥22 ≥ c1 := α2c0

uniformly for all x ∈ Aα,β .

Proof. Note that ESx = E(yiaia
⊤
i ) = E(sign(|a⊤i x| −

τ)aia
⊤
i ). We let λx := ∥x∥2, then there exists some orthog-

onal matrix P ∈ Rn×n such that Px = λxe1. Further, we let
ãi = Pai = (ãi1, ..., ãin)

⊤ ∼ N (0, In) and proceed as

ESx = E
[
sign(|a⊤i x| − τ)aia

⊤
i

]
= P⊤

E
[
sign(|ã⊤i λxe1| − τ)ãiã

⊤
i

]
P

= P⊤
E
[
sign(|λxãi1| − τ)ãiã

⊤
i

]
P

= P⊤

[
t0,x 0

0 t1,xIn−1

]
P

= P⊤((t0,x − t1,x)e1e
⊤
1 + t1,xIn

)
P

=
(t0,x − t1,x)xx

⊤

λ2
x

+ t1,xIn,

where we define t0,x := E(sign(|λxg| − τ)g2) and t1,x :=
E(sign(|λxg| − τ)) with g ∼ N (0, 1). Observe that

ax :=
t0,x − t1,x

λ2
x

≥ t0,x − t1,x
β2

,

we further establish a lower bound on t0,x − t1,x:

t0,x − t1,x = Eg∼N (0,1)

[
sign

(
|g| − τ

λx

)
(g2 − 1)

]
= Eg∼N (0,1)

[(
21
(
|g| ≥ τ

λx

)
− 1
)
(g2 − 1)

]
= 2Eg∼N (0,1)

[
(g2 − 1)1

(
|g| ≥ τ

λx

)]
≥ 2 min

t∈[ τβ ,
τ
α ]

∫
|a|>t

(a2 − 1) · 1√
2π

exp
(
− a2

2

)
da

: = 2 min
t∈[ τβ ,

τ
α ]
f1(t),

where in the last equality we take the minimum over τ
λx

∈
[λβ ,

λ
α ] and introduce the shorthand

f1(t) =

∫
|a|>t

a2 − 1√
2π

exp(−a2

2
) da

= 2

∫ ∞

t

a2 − 1√
2π

exp(−a2

2
) da

It is easy to see that mint∈[ τβ ,
τ
α ] f1(t) is a positive constant

only depending on (α, β, τ), as desired.

Concentration bounds:
The main ingredients for proving Theorems 6–7 are a set

of (uniform) concentration bounds.

Lemma 34 (Concentration of Ŝx). For a fixed x ∈ Aα,β and
any t ≥ 1, the non-uniform bound

∥Ŝx −EŜx∥op ≤ C1

[n+ t

m
+

√
n+ t

m

]
holds with probability at least 1−exp(−c2t). If m ≥ C3n for
some large enough C3, then the uniform bound

sup
x∈Aα,β

∥Ŝx −EŜx∥op ≤
√

C4n

m
log(

m

n
)

holds with probability at least 1− exp(−c5n log(mn )).

Proof. We first establish the non-uniform bound and then
strengthen it to a uniform bound by covering argument. In
the covering argument, we would use Theorem 1 to overcome
the discontinuity of the quantizer; we will only prove the
non-uniform bounds for the remaining concentration lemmas
if their uniform counterparts can be obtained by similar
technique.
Non-uniform bound: To get started, we write

∥Ŝx −EŜx∥op = sup
u∈Sn−1

∣∣u⊤Ŝxu−E(u⊤Ŝxu)
∣∣

= sup
u∈Sn−1

∣∣ 1
m

n∑
i=1

yi(a
⊤
i u)

2 −E
[
yi(a

⊤
i u)

2
]∣∣

Note that this can be viewed as a product process with two
factors being gu(ai) = yia

⊤
i u and hu(ai) = a⊤i u, thus the

non-uniform bound follows from a straightforward application
of Lemma 31.
Uniform bound: We shall precisely write yi = sign(|a⊤i x|−τ)
to indicate its dependence on x. For some sufficiently small
γ to be chosen, we let Nγ be a minimal γ-net of Aα,β with
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cardinality |Nγ | ≤ (Cγ )
n for some C that only depends on

(α, β). We invoke the non-uniform bound over all x ∈ Nγ

and then take a union bound, yielding that the event

sup
x∈Nγ

∥Ŝx −EŜx∥op ≤ C1

[n+ t

m
+

√
n+ t

m

]
holds with probability at least 1 − exp(n log(Cγ ) − c2t). For
any x ∈ Aα,β we let x1 = argminu∈Nγ

∥u − x∥2 and then
∥x1−x∥2 ≤ γ, and moreover triangle inequality yields ∥Ŝx−
EŜx∥op ≤ ∥Ŝx − Ŝx1

∥op + ∥Ŝx1
− EŜx1

∥op + ∥EŜx1
−

EŜx∥op. Note that we have controlled ∥Ŝx1
−EŜx1

∥op, and
we will need to further bound ∥Ŝx − Ŝx1

∥op and ∥EŜx1
−

EŜx∥op.
To uniformly bound ∥Ŝx−Ŝx1

∥op, we first invoke Theorem
1 with K = Aα,β and (r, r′) = (C3γ

√
log γ−1, 2γ) for some

large enough C3, yielding the following: if γ ≳ n
m

√
log(mn ),

then the event

dH
(
sign(|Au| − τ), sign(|Av| − τ)

)
≤ C4γ

√
log γ−1m,

∀u,v ∈ Aα,β obeying ∥u− v∥2 ≤ γ

holds with probability at least 1− exp(−c5γm). Due to ∥x−
x1∥2 ≤ γ, the event implies

dH
(
sign(|Ax| − τ), sign(|Ax1| − τ)

)
≤ C4γ

√
log γ−1m

uniformly for all x ∈ Aα,β . Now we are able to obtain

∥Ŝx − Ŝx1∥op

=

∥∥∥∥ 1

m

m∑
i=1

[
sign(|a⊤i x| − τ)− sign(|a⊤i x1| − τ)

]
aia

⊤
i

∥∥∥∥
op

= sup
u∈Sn−1

∣∣∣∣ 1m
m∑
i=1

[
sign(|a⊤i x| − τ)

− sign(|a⊤i x1| − τ)
]
(a⊤i u)

2

∣∣∣∣
≤ sup

u∈Sn−1

sup
S⊂[m]

|S|≤C4γ
√

log γ−1m

2

m

∑
i∈S

(a⊤i u)
2

≤ C5

( n

m
+ γ log3/2

( 1
γ

))
where the last inequality holds with probability 1 −
exp(−c6γ log

3/2(γ−1)m) due to Lemma 32.
To uniformly bound ∥EŜx −EŜx1

∥op, we use Lemma 33
to obtain EŜx = axxx

⊤ + bxIn and then utilize triangle
inequality to obtain

∥EŜx −EŜx1
∥op = ∥axxx⊤ − ax1

x1x
⊤
1 + (bx − bx1

)In∥op
≤ |ax − ax1

|∥xx⊤∥op + |ax1
|∥xx⊤ − x1x

⊤
1 ∥op + |bx − bx1

|
≲ |ax − ax1 |+ ∥xx⊤ − x1x

⊤
1 ∥op + |bx − bx1 |.

By the explicit formulas for ax and bx in Lemma 33, we
let g ∼ N (0, 1) and have the bound

|ax − ax1
| =

∣∣∣∣E(sign(∥x∥2|g| − τ)(g2 − 1))

∥x∥22

− E(sign(∥x1∥2|g| − τ)(g2 − 1))

∥x1∥22

∣∣∣∣

≲
∣∣∣ 1

∥x∥22
− 1

∥x1∥22

∣∣∣
+
∣∣∣E([ sign(∥x∥2|g| − τ)− sign(∥x1∥2|g| − τ)

]
(g2 − 1)

)∣∣∣,
Furthermore, we have

|∥x∥−2
2 − ∥x1∥−2

2 | ≤ 1

α4
|∥x1∥22 − ∥x∥22|

≤ ∥x− x1∥2∥x+ x1∥2
α4

≤ 2βγ

α4

and∣∣E([ sign(∥x∥2|g| − τ)− sign(∥x1∥2|g| − τ)
]
(g2 − 1)

)∣∣
≤ 2E

(
|g2 − 1|

× 1
( τ

max{∥x∥2, ∥x1∥2}
≤ |g| ≤ τ

min{∥x∥2, ∥x1∥2}

))
≲
∣∣ τ

∥x∥2
− τ

∥x1∥2
∣∣ ≲ γ

Similarly we can show supx∈Aα,β
|bx − bx1

| ≲ γ. All that
remains is to bound ∥xx⊤ − x1x

⊤
1 ∥op:

∥xx⊤ − x1x
⊤
1 ∥op ≤ ∥x(x− x1)

⊤∥op + ∥(x− x1)x
⊤
1 ∥op

= ∥x− x1∥2(∥x∥2 + ∥x1∥2) ≤ 2βγ.

Note that these arguments are uniform for x ∈ Aα,β , thus we
obtain the uniform bound ∥EŜx −EŜx1

∥op ≲ γ.
We combine everything to obtain the following: if γ ≳

n
m

√
log(mn ), then uniformly for all x ∈ Aα,β , the bound

∥Ŝx −EŜx∥op ≤ C7

[n+ t

m
+

√
n+ t

m
+ γ log3/2(γ−1)

]
holds with probability at least 1 − exp(n log C

γ − c2t) −
exp(−c8γm). Therefore, by setting γ = C9n

m

√
log(mn ) and

t = C10n log(mn ) with large enough C9, C10, the desired
statement follows.

For a matrix M ∈ Rn×n and any S ⊂ [n], recall that
[M]S ∈ Rn×n is obtained from M by setting the rows and
columns not in S to zero.

Lemma 35. (Concentration of [Ŝx]S ) For a fixed x ∈ Σnk ∩
Aα,β and any t ≥ 1, the non-uniform bound

sup
S⊂[n],|S|=k

∥∥[Ŝx]S −E[Ŝx]S
∥∥
op

≤ C1

[
k log( enk ) + t

m
+

√
k log( enk ) + t

m

]
holds with probability at least 1 − exp(−c2t). If m ≥
C3k log(

en
k ) for some large enough C3, then the uniform

bound

sup
x∈Σn

k∩Aα,β

sup
S⊂[n]
|S|=k

∥∥[Ŝx]S −E[Ŝx]S
∥∥
op

≤
√

C4k

m
log(

mn

k2
)

holds with probability at least 1− exp(−c5k log(
en
k )).

Proof. As mentioned, we will only prove the non-uniform
bound and leave the uniform bound to avid readers. For a
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fixed x ∈ Σnk ∩Aα,β we write

sup
S⊂[n],|S|=k

∥∥[Ŝx]S −E[Ŝx]S
∥∥
op

= sup
u∈Σn,∗

k

∣∣∣ 1
m

m∑
i=1

yi(a
⊤
i u)

2 −E
[
yi(a

⊤
i u)

2
]∣∣∣.

Then a straightforward application of Lemma 31 yields the
non-uniform concentration bound.

For the sparse case we need to additionally evaluate the
quality of the support estimate, that is Sx in Algorithm 4,
measured by ∥x− xSx∥2.

Lemma 36 (Support estimate bound). Let Sx be the es-
timate for supp(x) as per Algorithm 4, and suppose that
m ≥ C0k log(

en
k ) for some large enough C0. For a fixed

x ∈ Σnk ∩Aα,β , the non-uniform bound

∥x− xSx∥22 ≤ C1

√
k2 log n

m

holds with probability at least 1−n−10. Moreover, the uniform
bound

sup
x∈Σn

k∩Aα,β

∥x− xSx∥22 ≤ C2

√
k3

m
log(

mn

k2
)

holds with probability at least 1− exp(−c3k log(
en
k )).

Proof. Before bounding ∥x − xSx∥2, we first establish the
entry-wise concentration of the diagonal of Ŝx. We consider
a fixed x ∈ K := Σnk ∩Aα,β with y = sign(|Ax| − τ). We
let U = {e1, e2, ..., en} and write

max
j∈[n]

∣∣ 1
m

m∑
i=1

yia
2
ij −E

( 1
m

m∑
i=1

yia
2
ij

)∣∣
≤ sup

u∈U

∣∣ 1
m

m∑
i=1

yi(a
⊤
i u)

2 −E
[
yi(a

⊤
i u)

2
]∣∣

and then use Lemma 31 to obtain

max
j∈[n]

∣∣∣ 1
m

m∑
i=1

yia
2
ij −E

( 1

m

m∑
i=1

yia
2
ij

)∣∣∣
≤ C1

[ t+ log n

m
+

√
t+ log n

m

]
holds with probability at least 1 − exp(−c2t). Setting t ≍
log n with large implied constant and substituting E(yia2ij) =
axx

2
j + bx (see Lemma 33) yields

max
j∈[n]

∣∣∣ 1
m

m∑
i=1

yia
2
ij −

(
axx

2
j + bx

) ∣∣∣ ≤ C2

√
log n

m

with probability at least 1− n−10. For the uniform bound we
directly utilize Lemma 35. Specifically, if m ≥ C3k log

en
k

for sufficiently large C3, then with probability at least 1 −
exp(−c4k log(

en
k )) the uniform bound in Lemma 35 holds

and evidently implies

max
j∈[n]

∣∣∣ 1
m

m∑
i=1

yia
2
ij −

(
axx

2
j + bx

) ∣∣∣ ≤√C5k

m
log(

mn

k2
)

uniformly for all x ∈ Σnk ∩Aα,β) where yi = sign(|a⊤i x|−τ)
depends on x.

Now we are ready to show the desired statements. For a
fixed x ∈ K we proceed as

∥x− xSx∥22 =
∑

j∈supp(x)\Sx

x2
j =

1

a2x

∑
j∈supp(x)\Sx

a2xx
2
j

≤ 1

a2x

∑
j∈supp(x)\Sx

{(
a2xx

2
j + bx − 1

m

m∑
i=1

yia
2
ij

)
−
(
a2xx

2
j′ + bx − 1

m

m∑
i=1

yia
2
ij′

)}
(77a)

≤ 2

a2x

∑
j∈supp(x)\Sx

max
ℓ∈[n]

∣∣∣ 1
m

m∑
i=1

yia
2
iℓ −

(
axx

2
ℓ + bx

) ∣∣∣
≲ k ·max

ℓ∈[n]

∣∣∣ 1
m

m∑
i=1

yia
2
iℓ −

(
axx

2
ℓ + bx

) ∣∣∣, (77b)

where in (77a) we introduce j′ ∈ Sx \ supp(x) 7 satisfy-
ing xj′ = 0 (since j′ /∈ supp(x)) and 1

m

∑m
i=1 yia

2
ij′ ≥

1
m

∑m
i=1 yia

2
ij (due to the selection criterion of Sx); (77b)

holds because | supp(x) \ Sx| ≤ | supp(x)| ≤ k.
Then substituting the (non-uniform and uniform) bounds
on maxℓ∈[n]

∣∣ 1
m

∑m
i=1 yia

2
iℓ −

(
axx

2
ℓ + bx

) ∣∣ completes the
proof.

The concentration of λ̂x = 1
m

∑m
i=1 1(yi = 1) will prove

useful in bounding the norm estimation error.

Lemma 37 (Concentration of λ̂x). For a fixed x ∈ Aα,β , for
any t ≥ 0 we have the non-uniform bound

P

(∣∣λ̂x − 2Φ
(
− τ

∥x∥2
)∣∣ ≥ t

)
≤ 2 exp(−c1mt2).

If m ≥ C2n for some large enough C2, then with probability
at least 1 − exp(−c3n log(mn )) we have the uniform bound
over Aα,β:

sup
x∈Aα,β

∣∣∣∣λ̂x − 2Φ
(
− τ

∥x∥2
)∣∣∣∣ ≤

√
C4n

m
log(

m

n
).

If m ≥ C5k log(
en
k ) for some large enough C5, then with

probability at least 1 − exp(−c6k log(
en
k )) we have the uni-

form bound over Σnk ∩Aα,β:

sup
x∈Σn

k∩Aα,β

∣∣λ̂x − 2Φ
(
− τ

∥x∥2
)∣∣ ≤√C7k

m
log(

mn

k2
).

Proof. We first establish the non-uniform bound. Noticing

Eλ̂x = P
(
|a⊤i x| > τ

)
= P

(
|N (0, 1)| > τ

∥x∥2

)
= 2Φ

(
− τ

∥x∥2
)
∈
[
2Φ(− τ

β
), 2Φ(− τ

α
)
]

and ∥λ̂x − Eλ̂x∥ψ2
= O(m−1/2), thus the sub-Gaussian tail

bound gives P
(
|λ̂x−Eλ̂x| ≥ t

)
≤ 2 exp

(
−c1mt2

)
for a fixed

x ∈ K, yielding the non-uniform bound. The uniform bounds

7Without loss of generality, we assume supp(x)\Sx ̸= ∅, then by |Sx| =
k such j′ exists.
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follow from a covering argument over Aα,β and Σnk ∩Aα,β ,
which we leave for avid readers.

We now briefly outline the main ideas in the proofs of
Theorems 6–7. By Lemma 20 we can first decompose the
estimation error into

dist(x̂SI,x) ≤ β distd(x̂SI,x) + distn(x̂SI,x). (78)

Note that in Algorithms 3–4 we have distd(x̂SI,x) =
dist

(
v̂SI,

x
∥x∥2

)
, distn(x̂SI,x) = |λ̂SI − ∥x∥2|. The

proof mechanism is standard in the literature (e.g., [6],
[15], [42], [78]). Up to multiplicative constant, bound-
ing dist(v̂SI,x/∥x∥2) amounts to controlling ∥v̂SIv̂

⊤
SI −

∥x∥−2
2 xx⊤∥op, and it is standard to achieve the (latter) goal

by applying Davis-Kahan sinΘ theorem in conjunction with
the operator norm concentration of certain data matrix (i.e.,
Lemmas 34–35). On the other hand, we bound |λ̂SI − ∥x∥2|
by Lemma 37 and the Lipschitzness of Φ−1 over a closed
interval contained in (0, 1).

1) The Proof of Theorem 6
Proof. We first establish a deterministic bound on
dist(x̂SI,x). By (78) we only need to bound distd(x̂SI,x)
and distn(x̂SI,x) separately. Note that v̂SI is the normalized
leading eigenvector of Ŝx, x

∥x∥2
is the normalized leading

eigenvector of EŜx, and EŜx possesses an eigengap
uniformly bounded away from zero (see Lemma 33). Thus,
provided ∥Ŝx − EŜx∥op being small enough, Davis-Kahan
sinΘ Theorem (e.g., [17], [19]) and Lemma 21 give

dist
(
v̂SI,

x

∥x∥2

)
≤
∥∥∥v̂SIv̂

⊤
SI −

xx⊤

∥x∥22

∥∥∥
F

≤
√
2
∥∥∥v̂SIv̂

⊤
SI −

xx⊤

∥x∥22

∥∥∥
op

≤ 2

c0
∥Ŝx −EŜx∥op.

Next, we bound distn(x̂SI,x) = |λ̂SI − ∥x∥2|. Since
Φ(− τ

∥x∥2
) ∈ [Φ(− τ

α ),Φ(−
τ
β )], if additionally we have∣∣∣ λ̂x

2
−Φ

(
− τ

∥x∥2

)∣∣∣ ≤ min
{1
2
Φ
(
− τ

α

)
,
1

2

(1
2
−Φ

(
− τ

β

))}
,

then it holds that λ̂x

2 ∈
[
1
2Φ
(
− τ
α

)
, 1
2

(
1
2 +Φ

(
− τ
β

))]
. Note

that on this compact interval contained in (0, 1), Φ−1 has first
order derivative bounded by some C1 only only on (α, β, γ),
thus yielding∣∣∣Φ−1

( λ̂x

2

)
+

τ

∥x∥2

∣∣∣ = ∣∣∣Φ−1
( λ̂x

2

)
− Φ−1

(
Φ
(
− τ

∥x∥2

))∣∣∣
≤ C1

∣∣∣ λ̂x

2
− Φ

(
− τ

∥x∥2

)∣∣∣. (79)

If additionally we have | λ̂x

2 − Φ(− τ
∥x∥2

)| ≤ 1
2C1

τ
β , then (79)

gives Φ−1( λ̂x

2 ) ≤ − τ
2β , yielding

∣∣λ̂SI − ∥x∥2
∣∣ = ∥x∥2

|Φ−1( λ̂x

2 )|

∣∣∣Φ−1
( λ̂x

2

)
+

τ

∥x∥2

∣∣∣
≤ 2β2C1

τ

∣∣∣ λ̂x

2
− Φ

(
− τ

∥x∥2

)∣∣∣

where in the last inequality we use (79) again. Combining the
above two bounds we arrive at this deterministic bound: if
∥Ŝx − EŜx∥op and | λ̂x

2 − Φ(− τ
∥x∥2

)| are smaller than some
constant depending only on (α, β, γ), then

dist(x̂SI,x) ≲
∥∥Ŝx −EŜx

∥∥
op

+
∣∣∣λ̂x − 2Φ

(
− τ

∥x∥2

)∣∣∣.
We now establish the non-uniform final bound. Recall m ≥
C2n for large enough C2. For a fixed x ∈ Aα,β , we set t = n
in the non-uniform bound of Lemma 34 and t =

√
n
m in the

non-uniform bound of Lemma 37 to obtain

∥Ŝx−EŜx∥op = O
(√ n

m

)
,
∣∣∣λ̂x−2Φ

(
− τ

∥x∥2

)∣∣∣ = O
(√ n

m

)
that hold with probability at least 1− exp(−c3n). Combining
with the deterministic bound yields the claim. For the uniform
final bound, we only need to invoke the uniform bounds in
Lemma 34 and Lemma 37 instead.

2) The Proof of Theorem 7
Proof. We first establish a deterministic bound on
dist(x̂SI,x). By (78) we only need to bound distd(x̂SI,x) and
distn(x̂SI,x) separately. Compared to the proof of Theorem 6,
bounding distd(x̂SI,x) = dist(v̂SI,

x
∥x∥2

) requires additional
attempts. We need to first decompose the error into

dist
(
v̂SI,

x

∥x∥2

)
≤ dist

(
v̂SI,

xSx

∥xSx∥2

)
+dist

( xSx

∥xSx∥2
,

x

∥x∥2

)
.

For bounding dist(v̂SI,
xSx

∥xSx∥2
), we note that v̂SI and

xSx

∥xSx∥2
are the normalized leading eigenvectors of [Ŝx]Sx

and [EŜx]Sx = E[Ŝx]Sx , respectively. Lemma 33 delivers
[EŜx]Sx = ax[xx

⊤]Sx + bx[In]Sx = axxSxx
⊤
Sx

+ bx[In]Sx

which exhibits an eigengap

λ1

(
[EŜx]Sx

)
− λ2

(
[EŜx]Sx

)
= ax∥xSx∥22 ≳ ∥xSx∥22.

Thus, if we have ∥x − xSx∥2 ≤ α
2 , then ∥xSx∥2 ≥

∥x∥2 − ∥x − xSx∥2 ≥ α
2 , which further implies

λ1

(
[EŜx]Sx

)
− λ2

(
[EŜx]Sx

)
≥ c0 for some c0 > 0

depending only on (α, β, τ). Moreover, if additionally we
have maxS:|S|=k

∥∥[Ŝx]S − E[Ŝx]S
∥∥
op

≤ c0
2 that ensures

∥[Ŝx]Sx−E[Ŝx]Sx∥op ≤ c0
2 , then Davis-Kahan sinΘ Theorem

and Lemma 21 yield

dist
(
v̂SI,

x

∥x∥2

)
≤
∥∥∥v̂SIv̂

⊤
SI −

xx⊤

∥x∥22

∥∥∥
F

≤
√
2
∥∥∥v̂SIv̂

⊤
SI −

xx⊤

∥x∥22

∥∥∥
op

≤ 2

c0
max

S⊂[n],|S|=k

∥∥[Ŝx]S −E[Ŝx]S
∥∥
op
.

Next, let us Bound dist
( xSx

∥xSx∥2
, x
∥x∥2

)
, which follows from

some algebra:

dist

(
xSx

∥xSx∥2
,

x

∥x∥2

)
=
∥∥∥ xSx

∥xSx∥2
− x

∥x∥2

∥∥∥
2

≤
∥∥∥∥ x

∥x∥2
− xSx

∥x∥2

∥∥∥∥
2

+

∥∥∥∥ xSx

∥x∥2
− xSx

∥xSx∥2

∥∥∥∥
2

≤ 2∥x− xSx∥2
α

.
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We shall now turn to bounding distn(x̂SI,x) = |λ̂SI − ∥x∥2|.
This can be done via exactly the same arguments as (79),
thus we state the conclusion without re-iterating the technical
details: if |λ̂x−2Φ(− τ

∥x∥2
)| ≤ c1 for some c1 only depending

on (α, β, τ), then we have∣∣λ̂SI − ∥x∥2
∣∣ ≤ C2

∣∣∣ λ̂x

2
− Φ

(
− τ

∥x∥2

)∣∣∣.
Combining these pieces, we obtain the deterministic bound:
we have

dist(x̂SI,x) ≲ max
S⊂[n]
|S|=k

∥∥[Ŝx]S −E[Ŝx]S
∥∥
op

+
∥∥x− xSx

∥∥
2
+
∣∣∣ λ̂x

2
− Φ

(
− τ

∥x∥2

)∣∣∣, (80)

provided that each term on the right-hand side of (80) is
smaller than some constant depending on (α, β, τ). Now we
establish the non-uniform final bound. Suppose m ≳ k log( enk )
with large enough implied constant. For a fixed x ∈ Σnk∩Aα,β ,
we set t = k log( enk ) in the non-uniform bounds of Lemma
35 and Lemma 37 to obtain

max
S⊂[n],|S|=k

∥∥[Ŝx]S −E[Ŝx]S
∥∥
op

+
∣∣∣ λ̂x

2
− Φ

(
− τ

∥x∥2

)∣∣∣
≲

√
k log( enk )

m

that holds with probability at least 1 − exp(−c2k log(
en
k )).

Then, the non-uniform bound in Lemma 36 gives
∥∥x −

xSx

∥∥
2

≲
(
k2 logn
m

)1/4
that holds with probability at least

1 − n−10. Therefore, if m ≥ C3k
2 log n with large enough

C3, then the terms in the right-hand side of (80) are small
enough, and substituting these bounds into (80) yields non-
uniform final bound. For the uniform final bound, we can
similarly apply the uniform bounds in Lemmas 35–37. The
proof is complete.

B. Other Standard Proofs

1) The Proof of Lemma 2
Proof. We first claim this: Im,k can be equivalently interpreted
as the maximal number of (open) regions that Rk can be
decomposed by m ((k − 1)-dimensional) affine hyperplanes.
To see this, let V be a k-dimensional affine space embedded
in Rm not contained in any of the following hyperplanes:
{u ∈ Rm : ui = a}, i ∈ [m], a ∈ R, then the orthants
intersected by V stand in one-to-one corrspondence with the
regions of V (that is now viewed as Rk) decomposed by the
m affine hyperplanes {u ∈ Rm : ui = a} with i ∈ [m]. Such
rephrasing lowers the problem dimension from m to k. It is
easy to see I1,k = 2 since 1 affine hyperplane separates Rk
into 2 regions, and Im,1 = m + 1 since m distinct points
separate R into m + 1 intervals. Next, let us establish a
recursive inequality

Im,k ≤ Im−1,k + Im−1,k−1, ∀m, k ≥ 2. (81)

Let H1, ...,Hm be m affine hyperplanes in Rk that decompose
Rk into Im,k regions, then it can be computed by adding the

following two quantities together:

R1:m−1 := the number of regions separated by the first
m− 1 hyperplanes H1, ...,Hm−1, (82a)

Rm := the number of the R1:m−1 regions in (82a)
intersected by the m-th hyperplane Hm. (82b)

We thus obtain Im,k = R1:m−1+Rm, and all that remains is to
bound R1:m−1 and Rm. It is evident that R1:m−1 ≤ Im−1,k.
To bound Rm, we again utilize the dimension reduction argu-
ment at the beginning of the proof. Specifically, due to one-
to-one correspondence, Rm can be equivalently interpreted as
the number of regions that Hm is decomposed by its m − 1
affine hyperplanes H1 ∩ Hm, H2 ∩ Hm, ..., Hm−1 ∩ Hm.
Identifying Hm with Rk−1 immediately yields the bound
Rm ≤ Im−1,k−1. Taken collectively, we arrive at (81). We
define {Ĩm,k}k,m≥1 by the recursion and the initial values as
follows:

Ĩm,k = Ĩm−1,k + Ĩm−1,k−1, ∀m, k ≥ 2;

Ĩ1,k = 2, Ĩm,1 = m+ 1, ∀m, k ≥ 1.

Then, some algebra finds a closed form formula
Ĩm,k =

∑min{k,m}
i=0

(
m
i

)
. Therefore, an upper bound on

the {Im,k}k,m≥1 of interest follows:

Im,k ≤ Ĩm,k ≤
min{k,m}∑

i=0

(
m

i

)
.

Hence, it holds for k ≤ m that Im,k ≤
∑k
i=0

(
m
i

)
≤
(
em
k

)k
,

where the last inequality can be shown by induction or the
existing tighter bound [30, Lem. 16.19].

2) The Proof of Lemma 5
Proof. We first show the statement in the first dot point
of Lemma 5, and then show that it immediately implies
the second dot point therein. If u ∈ H+

|a|, then |a⊤u| ≥
τ , which along with our assumption gives |a⊤u| > τ +
2min

{
|a⊤(p−u)|, |a⊤(p+u)|

}
. Moreover, triangle inequal-

ity yields |a⊤p| ≥ |a⊤u|−min
{
|a⊤(p−u)|, |a⊤(p+u)|

}
>

τ, hence we also have p ∈ H+
|a|. Analogously, u ∈ H−

|a| and
our assumption taken collectively yield p ∈ H−

|a|.
We then prove the second statement. By H|a| θ-well-

separates u and v, we have ||a⊤u| − τ | ≥ θ dist(u,v) and
||a⊤v| − τ | ≥ θ dist(u,v), which along with our assumption
imply ||a⊤u| − τ | > 2min

{
|a⊤(p − u)|, |a⊤(p + u)|

}
and

||a⊤v|−τ | > 2min
{
|a⊤(q−v)|, |a⊤(q+v)|

}
. Therefore, by

the first statement that we proved, we have that u and p live in
the same side of H|a|, and that v and q also live in the same
side of H|a|. Because θ-well-separation implies separation, u
and v live in different sides of H|a| (i.e., they are separated
by H|a|). Taken collectively, it follows that p and q live in
different sides of H|a|, which completes the proof.

3) The Proof of Lemma 6
Proof. Pθ,u,v ≤ C3 dist(u,v) is directly implied by Lemma
1 due to Pθ,u,v ≤ Pu,v, hence we only need to prove
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the converse Pθ,u,v ≥ c2 dist(u,v). We accomplish this by
proceeding as follows:

Pθ,u,v = P
(
H|a| separates u and v, (28) holds

)
≥ P

(
H|a| separates u and v

)
−P((28) fails) (83a)

≥ Pu,v −P(||a⊤u| − τ | < θ dist(u,v))

−P(||a⊤v| − τ | < θ dist(u,v)) (83b)

≥ c′2 dist(u,v)−
4θ · dist(u,v)√

2πα
− 4θ · dist(u,v)√

2πα
(83c)

≥ c2 dist(u,v), (83d)

where (83a) and (83b) are due to union bound; in (83c) we
use Pu,v ≥ c′2 dist(u,v) for some constant c′2 from Lemma
1, and then apply

P
(
||a⊤u| − τ | < θ dist(u,v)

)
≤ P

(∣∣|N (0, 1)| − τ

∥u∥2
∣∣ < θ

α
dist(u,v)

)
≤ 4θ dist(u,v)√

2πα

and the same upper bound to P(||a⊤v| − τ | < θ dist(u,v));
(83d) holds with c2 =

c′2
2 as long as θ <

√
2πc′2α
16 . The proof

is complete.

4) The Proof of Lemma 20
Proof. The second inequality follows from

dist(u,v) = ∥u∥2 · dist
(

u

∥u∥2
,

v

∥u∥2

)
≤ ∥u∥2 ·

[
dist

(
u

∥u∥2
,

v

∥v∥2

)
+ dist

(
v

∥v∥2
,

v

∥u∥2

)]
≤ β distd(u,v) + ∥u∥2 ·

∥∥∥∥ v

∥v∥2
− v

∥u∥2

∥∥∥∥
2

= β distd(u,v) + distn(u,v).

Also, for any u,v ∈ Aα,β we have

dist(u,v) =
√
min

{
∥u− v∥22, ∥u+ v∥22

}
=
√
∥u∥22 + ∥v∥22 − 2|u⊤v|

=
√
∥u∥2∥v∥2 ·

√
∥u∥2
∥v∥2

+
∥v∥2
∥u∥2

− 2|u⊤v|
∥u∥2∥v∥2

≥ α

√
2− 2|u⊤v|

∥u∥2∥v∥2
= α distd(u,v).

Moreover, dist(u,v) is evidently lower bounded by
distn(u,v), since we can apply Cauchy-Schwarz to obtain

dist(u,v) =
√
∥u∥22 + ∥v∥22 − 2|u⊤v|

≥
√
∥u∥22 + ∥v∥22 − 2∥u∥2∥v∥2

=
∣∣∥u∥2 − ∥v∥2

∣∣ = distn(u,v).

The proof is complete.

5) The Proof of Lemma 21
Proof. The result follows from some simple algebra:

∥uu⊤ − vv⊤∥2F = ∥u∥42 + ∥v∥42 − 2(u⊤v)2

≥ 1

2

[
(∥u∥22 + ∥v∥22)2 − 4(u⊤v)2

]
=

1

2

[
∥u∥22 + ∥v∥22 − 2|u⊤v|

] [
∥u∥22 + ∥v∥22 + 2|u⊤v|

]
≥ α2

[
∥u∥22 + ∥v∥22 − 2|u⊤v|

]
= α2 dist2(u,v);

∥uu⊤ − vv⊤∥2F = ∥u∥42 + ∥v∥42 − 2(u⊤v)2

= (∥u∥22 + ∥v∥22)2 − 4(u⊤v)2 + 2(u⊤v)2 − 2∥u∥22∥v∥22
≤ (∥u∥22 + ∥v∥22)2 − 4(u⊤v)2

=
[
∥u∥22 + ∥v∥22 − 2|u⊤v|

] [
∥u∥22 + ∥v∥22 + 2|u⊤v|

]
≤ 4β2 dist2(u,v).

The proof is complete.

6) The Proof of Lemma 22
Proof. This lemma consists of some simple facts in linear
algebra. We separately deal with the two cases: u,v are
not parallel; u = λv for some λ ̸= 0. Note that the last
statement follows immediately from (76): If ∥u∥2 = ∥v∥2
holds, it is easy to verify v1 = −u1 by u1 =

∥u∥2
2−u⊤v

∥u−v∥2
and

v1 =
u⊤v−∥v∥2

2

∥u−v∥2
, then combining with the condition u1 > v1

gives u1 > 0.
(Case 1: Non-Parallel u,v)

In this case, u ̸= λv for any λ ̸= 0, then we consider

β2 =
⟨v,v − u⟩u+ ⟨u,u− v⟩v

∥⟨v,v − u⟩u+ ⟨u,u− v⟩v∥2
,

which is meaningful since some algebra verifies ∥⟨v,v−u⟩u+
⟨u,u − v⟩v∥22 = ∥u − v∥22 ·

[
∥u∥22∥v∥22 − (u⊤v)2

]
> 0. It

is straightforward to verify the orthogonality between β2 and
β1 = u−v

∥u−v∥2
:〈

u− v, ⟨v,v − u⟩u+ ⟨u,u− v⟩v
〉
= 0.

Therefore, (β1,β2) is an orthogonal basis for span(u,v),
which leads to u = ⟨u,β1⟩β1 + ⟨u,β2⟩β2 := u1β1 + u2β2

and v = ⟨v,β1⟩β1 + ⟨v,β2⟩β2 := v1β1 + v2β2 for some
coordinates (u1, u2, v1, v2). Note that ⟨β2,u−v⟩ = 0 implies
v2 = u2. Moreover, by

〈
u, ⟨v,v − u⟩u + ⟨u,u − v⟩v

〉
=

∥u∥22∥v∥22 − (u⊤v)2 > 0 we obtain u2 > 0. It remains to
verify u1 > v1, and this follows from u1−v1 = ⟨u−v,β1⟩ =
∥u − v∥2 > 0. For this case all that remains is to show
(76). We get started from u1 = ⟨u,β1⟩ = ⟨u,u−v⟩

∥u−v∥2
and

v1 = ⟨v,β1⟩ = ⟨v,u−v⟩
∥u−v∥2

, which are uniquely determined by
(u,v). We also have u2 = ⟨u,β2⟩, and we write

β2 =
⟨v,v − u⟩u+ ⟨u,u− v⟩v

∥u− v∥2 · (∥u∥22∥v∥22 − (u⊤v)2)1/2

to obtain

u2 = ⟨u,β2⟩ =
∥u∥22∥v∥22 − (u⊤v)2

∥u− v∥2
√

∥u∥22∥v∥22 − (u⊤v)2

=

√
∥u∥22∥v∥22 − (u⊤v)2

∥u− v∥2
.

Since u1, v1 are uniquely determined by (u,v), the uniqueness
of u2 also follows from the equations: u2

1+u2
2 = ∥u∥22, u2 ≥

0, u1 = ⟨u,u−v⟩
∥u−v∥2

.
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(Case 2: Parallel u,v)
Since u,v ∈ Aα,β and u ̸= v, in this case we have

v = λ0u for some non-zero λ0 ̸= 1. We simply select
a specific β2 ∈ Rn (which is not unique when n > 2)
satisfying ∥β2∥2 = 1 and ⟨β1,β2⟩ = 0, and note that
we can simply use β1 = u−v

∥u−v∥2
= sign(1−λ0)·u

∥u∥2
to lin-

early express (u,v) as u = sign(1 − λ0)∥u∥2β1, v =
λ0u = λ0 sign(1 − λ0)∥u∥2β1. Thus we have u2 = 0,
and (u1, v1) = (sign(1 − λ0)∥u∥2, λ0 sign(1 − λ0)∥u∥2)
that satisfies u1 − v1 = |1 − λ0|∥u∥2 > 0. Recall that
u1 and v1 are already uniquely determined by (u,v) as
u1 = ⟨u,u−v⟩

∥u−v∥2
and v1 = ⟨v,u−v⟩

∥u−v∥2
. Also we have shown

u2 = 0 =
(∥u∥2

2∥v∥
2
2−(u⊤v)2)1/2

∥u−v∥2
(the second equality is due

to v = λ0u), hence the formula for u2 in (76) remains
valid. Again, u2 is uniquely determined by (u,v) due to the
arguments used in Case 1. The proof is complete.

7) The Proof of Lemma 23
Proof. Using η =

√
πe
2 τ and the definitions of

gη(a, b), hη(a, b) we have

ηgη(a, b) = exp
(a2 + b2 − τ2

2(a2 + b2)

)τ(τ2a2 + b2(a2 + b2))

(a2 + b2)5/2
,

ηhη(a, b) = exp
(a2 + b2 − τ2

2(a2 + b2)

)τab(a2 + b2 − τ2)

(a2 + b2)5/2
.

Substituting them into F (η, a, b) and then using the polar
coordinates u1 = ρ cos(θ), u2 = ρ sin(θ) with the feasible
domain ρ ∈ [α, β], θ ∈ [0, 2π], we proceed as

F 2
(
η, a, b

)
=

(
1− exp

(a2 + b2 − τ2

2(a2 + b2)

)τ [τ2a2 + b2(a2 + b2)]

(a2 + b2)5/2

)2

+ exp
(a2 + b2 − τ2

a2 + b2

)τ2a2b2(a2 + b2 − τ2)2

(a2 + b2)5

= 1− 2 exp
(a2 + b2 − τ2

2(a2 + b2)

)
· τ [τ

2a2 + b2(a2 + b2)]

(a2 + b2)5/2

+ exp
(a2 + b2 − τ2

a2 + b2

)
× τ2[a2b2(a2 + b2 − τ2)2 + (τ2a2 + b2(a2 + b2))2]

(a2 + b2)5

= 1− 2 exp
(1
2
− τ2

2ρ2

)((τ
ρ

)3
cos2(θ) +

τ

ρ
sin2(θ)

)
+ exp

(
1− τ2

ρ2

)((τ
ρ

)6
cos2(θ) +

(τ
ρ

)2
sin2(θ)

)
=
[
1− w3 exp

(1− w2

2

)]2
+ exp

(1− w2

2

)
w(1− w2)

×
[
(w + w3) exp

(1− w2

2

)
− 2
]
sin2(θ) (84a)

≤
(
max

{∣∣∣1− w3 exp
(1− w2

2

)∣∣∣, 1− w · exp
(1− w2

2

)})2

,

(84b)

where in (84a) we let w = τ
ρ ∈ [ τβ ,

τ
α ], use cos2(θ) =

1− sin2(θ) and then perform some rearrangement; also, since
(84a) is linear on sin2(θ) ∈ [0, 1], its maximum is either
attained at sin2(θ) = 0 or sin2(θ) = 1, and further note that
(84a) becomes [1 − w3 exp( 1−w

2

2 )]2 when sin2(θ) = 0, or
(1− w exp( 1−w

2

2 ))2 when sin2(θ) = 1, hence (84b) follows.
It is evident that (84b) is attainable. By further optimizing
w ∈ [ τβ ,

τ
α ], (84) yields the desired claim.
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