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(Linear) Compressed Sensing

* Goal: recover structuredx € R" from A € R and y = Ax
=[ay,---,a;;] |, then we observe y; = a;rx, i=1,---,m
* Result: k-sparse x can be exactly recovered from O(klog( 1)) Gaussian measurements

via constrained ¢ -norm minimization

f‘bp =argmin |ull;, st Au=y (@))]

_ -I.
it
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Nonlinear Compressed Sensing

* Goal: recover structured x € R" from A € R™*" from y; :f,-(al.Tx), i=1,---,m

¢ Result: Under Gaussian matrix and fairly mild condition on {f;} ?il' we can ignore the

nonlinearity and use G-Lasso

N o1 2

XGLasso = argmin om ly—Aull5 + Allully 2)
to recover k-sparse X to £ error [PV16]1

IXGLasso —Xll2 = O(\/%)

¢ In general, we cannot do better without knowing f; !
Just think of noisy linear regression y = Ax + € with € ~ A4/(0, 21y

1 The generalized lasso with non-linear observations. Y. Plan & R. Vershynin, 2016, TIT.
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Quantizer

¢ An L-level quantizer Q which quantizes g€ R to

q, if q< bl
G2, i bi=q<by
Qg =15 - (3)
qr-1, if b2 =gq<br-1
qr, i q=br
¢ for some quantization thresholds by < by <---<br—1
¢ and some quantized values q1 < g2 <--- < qf.
¢ Resolution: If L= 3, we define

A:= min |bj1-Db;l; 4
j=1,"',L—2| ]+1 ]l ( )

If L=2, we define A := 2 (just a convention).
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Quantizer
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The values (g;) lL:’ll are not important, so we could assume

i1 =qi+ A,

i=1,2,---,L-1.
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Quantized Compressed Sensing

An important instance of nonlinear CS:

* Goal of Quantized CS: recover structured signal x € R" from

Q(airx—n)
Q@] x—12)
y=QAx-T)=

Q(a;Lx —Tm)

* A eR™": we focus on sub-Gaussian matrix
¢ 7 €R™: dithering noise helps reconstruction []R72]2

¢ we focus on T ~ % [-A, A" independent of A

¢ A =0reduces to the non-dithered case

2 The application of dither to the quantization of speech signals. N. Jayant, L. Rabiner, 1972.
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Signal Structure

* xe % for star-shaped set £ (Definition: Yue %, tue % forany t€ [0,1])

¢ Examples:
* k-sparse signals ZZ ={ueR”: ulg <k}
* low-rank matrices M;ll'nZ ={MeR™*™ :rank(M) < 7};
* effectively sparse signals \kaB{’ ={ueR”: |ul; < V&
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Signal Norm

e xe AP —uer": a<ulp < B

Signal space: Taken collectively, we consider the recovery of the signals in

X =xnAP ©)
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One-Bit Compressed Sensing (1bCS)

Problem setup

* Recover x from y = sign(Ax) = (sign(airx), -+, sign(a,,x)) T, with A ~ 4770, 1)

e xe . # NnS" ! — we cannot distinguish x and 2x

Optimal rate

* Hamming distance d(u,v) = Zl’.gl 1(u; # vy)

* Hamming distance minimization (HDM):

RKpgm=arg min _ dy(sign(Au),y) @]
ue# NS"-1

¢ K =2 |%pgm —xlo = O(L) JLBB13]® (Optimal rate)
¢ This is sharper than ©(v'k/m) for noisy regression
H = VB K —xll2 = O((5)1/3) [OR15)* (Fastest rate)

3

Robust 1-Bit Compressive Sensing via Binary Stable Embeddings of Sparse Vectors. L. Jacques, J. Laska, P. T. Boufounos; R. Baraniuk, 13 TIT.

4 Near-optimal bounds for binary embeddings of arbitrary sets. S. Oymak & B. Recht, Arxiv, 2015.
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Hyperplane Tessellation - 1bCS

1bCS < hyperplane tessellation of a subset of S~ [PV14]°

a;u =0
% To —
k Lhdm a;u=20
w)

Diameter = ()(

5 Dimension reduction by random hyperplane tessellations, Y. Plan & R. Vershynin, 2014 Discrete & Computational Geometry
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Geometry of 1bCS - Gaussian Hyperplane Tessellation

Go beyond Gaussian design? [ALPV14] 6

{—1,1}-valued A (e.g., Bernoulli design) does not work:

w—uy =0
w+uz=0

6

One-bit compressed sensing with non-Gaussian measurements, A. Ai, A. Lapanowski, Y. Plan, R. Vershynin, Linear Algebra and its Applications,
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Efficient Algorithms for 1bCS

algorithm error rate signal space uniformity
Linear Program [PV13]7 O((£)1/3) VKBS v
Convex Relaxation [PV12]8 O((£)1/4) VKB s X
Generalized Lasso [PV16] O((%)l/z) =rn sn-1 X
PBP [PVY17]° O((£)1/2) asnl X
Adaboost [CKLG22] 1 O((£)1/3) VB ns! v
NBIHT [MM24]!! o(L£) zhnsnl v
PGD (our work) o(Mmrmly MM AU = 1) v
PGD (our work) O((£)173) ViBlns™! v

7
8

One-bit compressed sensing by linear programming, Y. Plan & R. Vershynin, CPAM, 2013.

Robust 1-bit compressed sensing and sparse logistic regression: A convex programming approach, Y. Plan & R. Vershynin, 12 TIT.
9High—dimcnsiona] estimation with geometric constraints, Y. Plan, R. Vershynin & E. Yudovina, 17 inf. inference.

1OAdahoost and robust one-bit compressed sensing, G. Chinot, E Kuchelmeister, M. Loffler, S. Geer, 22 MSL.

1 Binary iterative hard thresholding converges with optimal number of for 1-bit cc sensing, N. M ) &A.
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Dithered One-Bit Compressed Sensing (D1bCS)

Downsides of 1bCS

* hard to go beyond Gaussian design;

* unable to recover signal norm (see a fix by Gaussian dither [KSW16] 12)

D1bCS Problem Setup

* using uniform dither T ~ % [-1,A]" addresses both issues [DM21],13 [TR20]14

* Model: recover x € £ NBY from
y =sign(Ax—1)

under sub-Gaussian A

12 One-bit compressive sensing with norm estimation, K. Knudson, R. Saab, R. Ward, 16 TIT.

13 Non-Gaussian hyperplane tessellations and robust one-bit compressed sensing, S. Dirksen & S. Mendelson, 2021 JEMS

14The lized lasso for sub-g; i 1ts with dithered quantization, C. Thrampoulidis& A. S. Rawat, 20 TIT:
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Geometric of D1bCS - Non-Gaussian Hyperplane Tessellation

* Theorem 1.9 in [DM21]: HDM

Sy =05 i gniau 1) @
2

achieves the optimal rate O( 1%) if # = 2" and the fastest rate O((flfl)lm‘) if & = \/%[EB{’

agu—15=0

Efficient and Optimal Quantized Compressed Sensing April 8, 2025 16 / 69



Quantized
000000000000008000000000

Efficient Algorithms for D1bCS

algorithm error rate signal space uniformity
Convex Relaxation [DM21] o((E)14) VB! N B} v
Con. Rel. (one-sided £1) UMPS21]'5  O((£)1/3) VB! N B v
Generalized Lasso [TR20] ((%)1/ 2) ZZ nBY X
PGD (our work) o(£) By
PGD (our work) O((%)”S) VB! NBY v

15 Quantized Compressed Sensing by Rectified Linear Units, H. C. Jung, J. Maly, L. Palzer, A. Stollenwerk, 21 TIT.
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Dithered Multi-Bit Compressed Sensing (DMbCS)

¢ Another benefit of dithering: generalization to multi-bit sensing

* We consider the uniform quantizer

-3 ifae(-26,-6)
5 .
1 -2, ifae(-6,0)
w@=5(|5]+3)=1 * ®
S, ifae(0,6)
3 ifae(8,26)

* QCS with Dithered Uniform Quantizer: Under T ~ % ([— %, g] ™) and sub-Gaussian A,

we can accurately recover structured signalsx € .2 N [EB;I from [TR20], [X]J20] 16

= Qs(Ax—1). (10)

leQuamized compressive sensing with rip matrices: The benefit of dithering, C. Xu & L. Jacques, 2020 Inf. infererice.

Efficient and Optimal Quantized Compressed Sensing
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Dithered Multi-Bit Compressed Sensing (DMbCS)

* Qs does not immediately sample finite bits

¢ For some even integer L = 4, we consider Qg with saturation when {a€R: |al = %}:

Lo
Qs,1(@) = Qs(@)-1(jal < =) +
2
* DMbCS: recoverxe .£ n [EB; fromy= Qs (Ax—T)

* X =Zx!: optimal rate Q(;57) [BJKS15]17
* A = VKBI" the fastest rate O((;47)!/3) JMPS21]

¢ Additional challenge - nail down the role of quantization level L

17Quamizarion and Compressive Sensing, P T. Boufounos, L. Jacques, E Krahmer, R. Saab, 2015.
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Qs & Q5,1 with Saturatio

output
3k
uniform Q; ———
- = =4-level Qs4 A
6-level Qs
1k
L L L L L input
-3 -2 -1 1 2 3
Ak
2F
3k
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Geometric of DMbCS - Parallel Non-Gaussian Hyperplanes

au—1—b=0

au—n—=b=0 qly—7—b;=0

Zhdm
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Efficient Algorithms for DMbCS

algorithm error rate signal space uniformity
Con. Rel. (one-sided ¢;) [JMPS21] O((E)13) VEB! N B v.QsL
Generalized Lasso [TR20] o(+(£)1?) =By X.Qs
PBP [X]20] O((1+8)(£)172) =By v,Qs
PGD (our work) o( Tlfl) ZZ n R;’ v,Q5.1
PGD (our work) O((E)113) VEB! B v.Q51
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Complexity of Arbitrary Set

How to capture complexity of an arbitrary set?

(%) =Eg_4(0,1,,) SUPues (& W): Gaussian width
N (%, 1): covering number at scale r
log.4 (%, r): metric entropy at scale r
Examples:
* w®))=vn and log./ B}, 1) < nlog(%)
* 0EINBY =\ [klog(§) and log 4 (X2 NBY, 1 < Klog(&)

* (VKB NB}) = | /klog(%) and log. ¥ (VKB!NBY, 1) < & log(4)
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Separation

Separation Probability:

Puyv:= IP(Q(aiTu —T)# Q(al-Tv— Ti))

Separation Set:
Ryyv = {ie [m]: Q(a;l—u—ri) # Q(a;rv—‘ri)}

Separation Event:

E.Y?v = {i€ Ry,v}

Efficient and Optimal Quantized Compressed Sensing
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Our Result - HDM Bound

HDM Bound: Under
¢ sub-Gaussian A,
¢ asmall-ball probability,

* aseparation probability estimate,

(Informal) Theorem 1: Performance bound for the infeasible program - HDM

- r i
For small r>0and r’ < 2T if

W (H 1) | log ¥ (@)
r

m=Cy(AVA) (12)

then [[&p gy —xll2 < 2r.

© Hig) = (K — )N GBY

Efficient and Optimal Quantized Compressed Sensing April 8, 2025 25/69
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Our Main Result - PGD Bound

PGD Bound: Under
* sub-Gaussian A,
¢ small-ball probability,
* separation probability estimate,

¢ and additionally a number of moment bounds (that convey a weak type of
independence between the sensing vector marginals and the separation event),

(Informal) Theorem 2: Performance bound for the efficient algorithm PGD

For small r> 0, if

2
K . s
1] (’3 ) N log NV (X, 112) 13)

m=Cy(AV A) .

then [[%pgq —xll2 = O().

Takeaway: Under some assumptions, PGD achieves the same rates as HDM.
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Hamming Distance Minimization

CS — General context

* recover structured signalsxe & = .2 n /Ag from y = Q(Ax — 7) under sub-Gaussian
AeR™ " andt ~ % [-A, A1

* Q: L-level quantizer with resolution A

Hamming distance minimizatio

* HDM:

Xpdm = argmin du(QAu-1)y), (14)

¢ This is the best possible program in the noiseless case

Efficient and Optimal Quantized Compressed Sensing 281769
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Hyperplane Tessellation

\ @ham
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Assumptions 1 - Sub-Gaussian Design

* We first unify the HDM performance bounds for specific models—[JLBB13] and [OR15]
for 1bCS; [DM21] for D1bCS—under generic assumptions

Assumption 1: Sub-Gaussian Design

The sensing vectors aj,ap, -+, a;, are i.i.d. isotropic sub-Gaussian, i.e., they satisfy ]E(aiaiT] =1,
and |la;lly, < Cp for some absolute constant Cp.

Efficient and Optimal Quantized Compressed Sensing 30/69
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Assumptions 2, 3 - Small-Ball & Separation Probabilities

Assumption 2: Small-ball probability

Foranyue /Ag,

t
P | min IaTu—ri—bj\st < ——, V>0
JjelL-1] ¢ ~AVA

Assumption 3: Separation probability

Foranyu,ve Ag,

- llu=vi
Pu,v:mln{ A ,1

VA

Efficient and Optimal Quantized Compressed Sensing April 8, 2025 31/69
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Local Hyperplane Tessellation (Quantized Embedding Property)

eorem 1: Quantized Embedding Property

Let # be a set contained in /Ag, foree (0,co(AvA)), welete' = wgl/glﬁ and suppose
€
2
0" Wizel ) log N W €'
m= Cg(AVA)( Se {2/ NECE e( =t . 15)
* (small to small) Under Assumptions 1-2, with probability at least 1 —2exp(— 23\7115 ), for
anyu,ve #
vy < — 4 (QAu-1), Qav—1)) = A<
223 a i 7
:=|Ru,v!
¢ (large to large) Under Assumptions 1-3, with probability at least 1 —exp(— LAS\:'K ), for any
wvew
lu-vl2 =2¢ = dy(QAu-1),QAV-1)) = cg mmin{ HZ;‘;HZ K 1} .

dr(QARXpdm — 7), QAX—T7)) =0 = [&pqm —xll2 <2€

Efficient and Optimal Quantized Compressed Sensing April 8, 2025
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Takeaway and Computational Problem

Takeaway:

Any sub-Gaussian QCS systems possessing a separation probability proportional to

0, distance and a small-ball probability achieves optimal sparse recovery rate O(k/m)

¢ Techniques: Similar to [OR15], [DM21]

However, Xy,q, cannot be computed efficiently:

Can we devise an efficient algorithm to achieve error rates of Xnqm ?

Efficient and Optimal Quantized Compressed Sensing
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@® PGD and RAIC
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HDM is Intractable

Xnm = arg min dy(Qau-1),y)

¢ The intractability of Xp,4,, comes from:
1. the discrete loss dy(Q(Au—1),y) = Zgl I(Q(a;ru -T)#Yi)

2. the typically nonconvex constraintx € £ N Ag

Efficient and Optimal Quantized Compressed Sensing April 8, 2025
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One-sided ¢, loss

¢ Construct a (slightly different) hamming distance loss:

* Observing y; = Q(a X —T;) amounts to observing L— 1 binary measurements
yij=sign(a] x-1;-bp, j=1,-,L-1. (16)

* With overall (L - 1)m binary measurements, we construct

A m L-1 T
L):= %21 1]1 (sign(a; u—7;- b)) #y; ) 17
i=1j=
A m L-1
==Y > 1 y,]a u-7;-b)=0), (18)
ml:l]:l

Efficient and Optimal Quantized Compressed Sensing
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One-sided ¢, loss

* Common idea: to relax 1(a > 0) to the one-sided ¢; loss max{a, 0} = %‘“l

2

¢ Then we obtain

A
L) = —
m

T Mg

; [Ia;ru— ;- byl - yija] u-1;-by|.
with (sub-)gradient of £ (u)

A In L-1 1 m
0% (u) = T Z Y (sign(a; u-7;-b) —y,-j)ai:% Y (Q@u-7)- Q@ x-1y)a;
i=1j=1 i=1

1giv1=¢gi+A

Efficient and Optimal Quantized Compressed Sensing
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Nonconvex constraint

* How to deal with the nonconvex constraint?

* minyeg £ (u) is intractable for nonconvex &, it is possible to achieve similar

estimation through PGD: [0517],18 [s19]1°
x0 =gy (x7V —pp. 0oy xV)), 1=1,2,- 19

CX=xn Ag, 50 P9 is not immediately efficient even for convex £
— we use sequential projection

QAa o Py

18 Eqst and reliable parameter estimation from nonlinear observations, S. Oymak, M. Soltanolkotabi, 2017 SIOPT

195tructured signal recovery from quadratic measurements: Breaking sample complexity barriers via nonconvex optimization, M. Soltanolkotabi,

2019 TIT
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Projected Gradient Descent for QCS

m
hu,v):= ‘ (Q(aiTu—T,-) - Q(aiTv—Tl-))ai (20)

i=

S

Algorithm 1 Projected Gradient Descent for QCS

1: Input: y= QAx—-1), (A, T), £, Ag, initialization x(o), step size n
2: Fort=1,2,3,--- do

x(l) — ‘@Aﬁ (QJ (x(l—l) -n ‘h(X(t_l),X))) 21)
a

* Specializing to 1bCS of x € Zz N S" ! returns NBIHT [JLBB13], [MM24]:

_ TeETY -n0a &)
IT oy =1 - 0.1 (x(E=D)) 1

x® 22)

Efficient and Optimal Quantized Compressed Sensing April 8, 2025 39/69
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Restricted Approximate Invertibility Condition (RAIC)

* Dual norm: |wllgc = supyeq, (U, w)

Definition 1: RAIC

Under some quantizer Q, for some given 2 < R and p = (u1, 2, 43, 14) With non-negative
scalars (u;)%_,, we say (Q A, T,.%,1) respects (2, u)-RAIC at scale ¢ > 0 if

i=1’
1
?Iu—V—n-h(u,V)II,;((czp) s llu—viz +vpz2-llu=vllz +u3 (23)

holds for any u,ve 2 obeying [u—vll2 < u4.

Similar notions in [FJPY21],20 [MM24]; we provide generalization

20 NBIHT: An efficient algorithm for 1-bit compressed sensing with optimal error decay rate, M. P. Friedlander, H. Jeong, Y. Plan, O. Yimaz, TIT,
2021.
40/ 69
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Meaning of RAIC

* Meaning: the ideal descent step x() —x — in light of
xD - (x(ﬂ —-X) =X

— is close to the actual step 7h(x(?,x), in the dual norm sense and up to a few error

terms

(ideal step)

X(/') — X X
1
N0 T x® = ph(x®, x)

nh(x®, x)
(actual step)

* Regularity Condition [CLS15]:*1 (VZ(w),u-x) = ¢ [u—x[3 + 2 [ VL W) I3

21 Phase Retrieval via Wirtinger Flow: Theory and Algorithms, E. Candeés, X. Li, M. Soltanolkotabi, TIT, 2015.

Efficient and Optimal Quantized Compressed Sensing

41/69



PGD and RAIC
00000000800

Why RAIC is useful?

Why RAICZ

||x(t)fx|| =\ P (xD - h(x(t_l),x) -X
2= |70 (2 60 )+,
<2 H@Z (x”_l) - nh(x(t_l] X)) —x”z » Definition of projection

< 2max{(p, %nx”*“ —x—nhx Y x| 5, } (V¢p>0) 24)

» Property of projection onto star-shaped set [Corollary 8.3, PVY17]

< 2max{d),2,u1 XD —xllp + 21/ o IxED = x| +2y3} » RAIC (25)
< 4y XY —xllp + 41/ 2 XD =3 + 4p3 >ifp<ps

Trade-off in choosing ¢: we use ¢ = ©(u3)

Efficient and Optimal Quantized Compressed Sensing April 8, 2025 42169
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RAIC - Parameters u;

Ix® —xllp < 4p1 XY =xllp + 4/ p2 XD —xll +dpg (26)

* 2 and p3: convergence error of PGD

* (26) — convergence to an ¢a-error of O(u2 + u3)

* u1: convergence rate of PGD
c 0k < %: linear convergence, O(log(e 1)) steps

* 1 = 0: quadratic convergence, O(loglog(e 1)) steps

Efficient and Optimal Quantized Compressed Sensing 43 /69
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RAIC - Parameters u;

* pg: initialization required by PGD

t-1)

* Eq. (24) — Eq. (25) requires ||x( —X|l2 < 4, so we need ||X(0) —Xll2 < g

* g4 = diameter of Z — global RAIC, starts with arbitrary point in the signal set

* ug4 < diameter of ' — local RAIC, starts with a good initialization ||X(O) —Xll2 < g

Efficient and Optimal Quantized Compressed Sensing April 8, 2025 44/ 69
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@ Prove RAIC

Efficient and Optimal Quantized Compressed Sensing pril 8, 20; 45/ 69



Prove RAIC
O®00000000000000000

What Remains?

Main Theorem (Informal):
If

mz=C(AvVA) 27

< ;

w2(<Z((r)) N log /(X r/2))

then [[&pgq —Xll2 = O(r)

What Remains?

Prove RAIC:
1 . -
- uu—v—n~h(u,v) H . =ellu=vis+1/ O u-vis + 0 28)
r l/(r)

for all u,ve & satisfying [[lu—v||2 < u4, under the sample complexity (27)

Efficient and Optimal Quantized Compressed Sensing April 8, 2025 46 / 69
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Gradient

Recall:

1 & T T
huv):=—3" (Q(a,- u-1;)-Qa; V_Ti))al

m;

—

1 m
%Z sign(a (u v))Q(a u-1;) Q(a;.rv—ri)‘ai

» Qisincreasing

1
== ) sign(a;r(u—v))‘Q(a;ru—r,-)— Q(a;rv—rl-) a

i€Ry,v

> Ryv:i={ic[ml: Q(a;ru—ri) # Q(a;.rv—ri)}

h(u,v) only contains |Ry,y| summands!

Efficient and Optimal Quantized Compressed Sensing
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Gradient Clipping

1
h(u,v)= — Z sign(a;r (u-v)) ‘ Q(a;ru -T;) - Q(a;rv— Ti)|a;
m i€Ry,v

* One-bit case: if i € Ry,y, then IQ(al.Tu -7 - Q(aiTv— 7;)| = A and hence

A
hwv=— Y sign(@ u-v)a;. (29)
m i€Ru,v
* Multi-bit case: if i € Ryy, all the following are possible
IQ@/u-1)-Q@/v-7t)l= A2, -, 0A
—_———

add to difficulty
forbid unified analysis

Efficient and Optimal Quantized Compressed Sensing April 8, 2025 48 /69
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Gradient Clipping

* We propose to clip h(u,v) to

~ A . T
huv):= - Y. sign(a; w-v)a; (30

i€Ry,v

and seek to prove
1 ~ . .
;”u—v—nh(u,v)\jlo <elu—vip+1/0llu—viz + O, Yu,ve &, lu-vi < .
n

(3D

* One-bit case: No issue

* Multi-bit case: deviation — ﬂrllh(u,v) —ﬁ(u,v)ll Jc’(") where
T)

. 1
hwv)-h@v=— ¥ sign(a] @-v)|1Q@u-1)- Q@ v-1)l-Ala;  (32)

i€Ry,v

=Dy
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How Can We Work With h in Multi-Bit Case?

* Idea: set yy = ¢’ A with very small ¢/, restrict the attention to [u—v]|» < /A
* IP(D; #0, i€ Ry,y) is very small!

h(u,v) =~ h(u,v) h(u,v),h(u,v) differ so much

* Seek initialization [[x© —x|ls < pg = /A
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Covering Argument

* Goal: bound %Ilu—v—nﬁ(u,v)llj((o) forallu,ve &, lu—vl2 < s
T)

* let A} be a minimal r-net (r < ”2—4) of & such that | A;| = A(Z, 1). Then, for any
u,ve X obeying |lu—vl|2 < p4, we find their closest points in .A;:

uj :=arg min |[w—ul and v; :=arg min [[w—v|. (33)
WEN wWeN
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What to Bound?

Passing to the net:
Pl ||u—v—17-h(u,v)||JL/(o]
N

<r u -v —n-hw,volg +r u-u e, +r“||v—v1||,((;)

bound on finite net <2r

n N N
+ (I, vi) ~hw v e )

approximation gap
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Approximation Gap

* Bound g(llfl(ul,vl) —ﬁ(u,v)Hl,[o)) for all (u,v) and corresponding (uy,vy)
T
¢ Recall: h(p, q) contains only Rp,q! summands.

¢ Reducing number of nonzero contributors:

h(uy,vi) -h(u,v) = h(u;,vi) —h@,v) = h(uy,w) +hv,v;) = h(u;, w) + hv,v;)
N—— N N

Rujv,| Ryl Rujul Ry, |

¢ Stronger closeness: [u—vll2 < ug, lug —vill2 <24 — llu—ugllz=sr, lv-villo<r
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Approximation Gap

* Very few nonzero contributors: [Ry;,ul + Ry, | = O(ﬁ)
» by quantized embedding property (small to small)

Crude argument suffices:

n A
=|h(u;,u o
r” (uy )I\J;(r)

An

= sup — Y sign(aiT(ul —u))al-Tw

WE‘Z/(r) mr iERul,u

A

< sup 2 Zla}I—W|

we kg M Iclm -Gy

m:O(m)
. . . _( mr

» by triangle inquality and |Ry, ul = O( Av A)

215 = o

AV A

» by a well-known bound
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Bound on Finite Net - Orthogonal Decomposition

* Bound % lp—-q-n- ﬁ(p,q)ll,zg(f;) for all p,q € A} satisfying [[p—qll2 < 2p4
¢ Find (ﬁl = ﬁ, ﬁg) as orthonormal basis in span(p, q) such that

p=u1f1+upf2 and q=v1 1 + w2 f2 (34

for some coordinates (u1, up, vy)
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Bound on Finite Net - Orthogonal Decomposition

* Decompose h(p,q) along three directions: f1, B2, {span(ﬁl,[ig)}l

h(p,q) = ¢h(p,q), B1) 1 + (h(p,q), B2) B2 + [h(p,q) — (h(p,q), f1)B1 — (B, (p, q), B2) B2]
=hl(p.q

¢ Substituting into % lp—q- nﬁ(p, q ||=]//(o) R
)

1 N
Zlp-q-n-h(p, o
rIIp q-n-h(p q)IIbem

<llp—qllz =71 hp,q), B1) | +In- hp,q), B2) | + 17! ~T]||f1l(p,q)llx(c;]

[
—7P4
‘—T3

.—7Pd .—7Pd
.—T1 .—T2

i=llp-alz = TP+ 175 + TP (35)
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Bound [[p—qll2 -

U hip,), 1) = 1 3 fa] 1S
' mig !

umption 4: Moment nd I

For p,q € Z satisfying [[p—qll2 <24, we suppose
!
E(a] fiPLED) = cOPpq- £, vp=2 (36a)

<®Ip-qlz

AVA (36b)

E(la] prILED) =

hold for some ¢, ¢® >0

AVA).

Bernstein’s inequality (under n = A®):

AV Allog(AN (X, M)p— Av Allog(N (%,1)
Illp—qllz—Tf’qIS\/[ llog m N)lp Q||2+[ ]Ofn T

27
= vVOMIp-qlz2+0)
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Bound | 739

~ AN
9= - (h(p,q), f2) = % _leign(alﬁsl)(aiT B2)L(ES),
P

Assumption 5: Moment Bound II

For any p,q € & obeying 0 < [[p—qll2 < 2u4, we suppose
T (i) @) i
E(l1a] p21"1(Ep)) < cPPpq- T, vp=2 @7a)
(Slgn(a B)a] B2 1(ESY) ) 0, (37b)

hold for some ¢? >0

Bernstein’s inequality:

P < ¢ AV Allog( A (%, 1) Ip-alz | AV Allog(¥ (%)
2~ m m

27)
< vOmIp-qlz+0)
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Bound r!' 7}

. A
129 sup nw b pa= sup Y signta] pi)fa;— @] s~ @] 2)fo] w1 B,
weA{y) wety M izl

P4
‘_]i,w

Assumption 6: Moment Bound III

For any w € R" and any p,q € & obeying 0 < [[p—qll2 <24, we suppose

E(/231P1(E)) <Ppqc® VPP, vp=2, vwes! (38a)
E(P31(ED) =0, vwes™ ! (38b)

hold for some ¢® >0, e® = 0.
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Bound r~

1 Tqu

Conditional Concentration: (similar to [MM24])
* We condition on |[Rp | = 1p,q, then

iid

P.q na ba 7. 5. P4, (i)
9~ sup — Y Jiw), Jiw) EPAIES

weAy M i=1

¢ Moment bound in Assumption 7 states IIL' W) lly, = O(c<8)), so we use Talagrand’s and

capture o (%))
Chernoff Inequality:
* Itis easy to get rid of the conditioning: rp q ~ Bin(m, Pp q)
Final bound:
w (Jrfm) (r)
lp—ql2[AvAl[—5 +logJV(5K,r)] (Av A 50 +log A (X, 1]
S

m m

@n
< vOmIlp-qlz2+0)
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Proof is Complete!

Combining all the pieces:

Q ~ ~ _ =
(B, Wil + b vz | = 00)
lip-qllz - 77" = /O Ip - qllz + O)
17591 < /Omlp—qllz + O
i< \/omip-qllz + O

the desired RAIC follows!
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Understanding the Moment Bound (Vague)

Moment bounds in Assumption 5:
!
E(la] B11PL(Ey) scﬁ)Pp,q%, Vp=z2 (39)

Kind of "independence" between aTﬁl and q

¢ Cauchy-Schwarz gives

B(la] B11P1(Byg)| </ Ela] p112P\/P(Eyg) <
L Pq

but the bound is not strong enough when Pp q=o0(1)
(Cauchy-Schwarz is tight if |a;rﬁ1 1P =r1( E(’ ) for some ¢ > 0)

(5) 41
S pl
5\ /Ppq (40)

* When aiTﬁl and El(,l?q are independent:

c®pt

E(la/ 11" 1(Eyly) = E(la] 11P)E(LES) < " Ppa (an

we are done!
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Why Moment Bounds are Satisfied by (D) 1bCS & DMbCS?

Moment bound in Assumption 5:

!
E(la] 1P 1Y) = OPpq- 2. vp=2
where
Eq={0@/p-7)# Q@] a-1p}

= {Quua] p1 + wa] B -1 # Qia] p1 +wa] B2 -7} 42)

1bCs: al By,a] o 4 (0,1)

E(l1a] 1171 () = B(ia] B117 P 7, i1 ) 43)

D1bCS & DMbCS:

E(la] B11P 1)) = E(1a] 117 P, (- 01 Epy)
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Concluding Remarks

This Talk:
* RAIC is useful in other nonconvex optimization problems

* Under sub-Gaussian A, the HMD rates only require two essential components —
small-ball probability and separation probability

* Under some additional moment bounds, PGD achieves the same rate as HDM

Validating these assumptions, the PGD rates improve on or match the best known rates
in all instances. [CY24b]22

Questions:
¢ The tightness of O((Tlﬁl)” 3) in recovering signals in \/EIB{’;
¢ Optimal algorithms in structured sensing matrices;

¢ Optimal QCS of signals in a generative prior (may not be star-shaped)?

22 Optimal Quantized Compressed Sensing via Projected Gradient Descent, J. Chen & M. Yuan, Preprint, 2024.

Efficient and Optimal Quantized Compressed Sensing April 8, 2025 65 /69




Thank you for listening

chenjr58@connect.hku.hk
https://junrenchen58.github.io/

CCOM & MIND:! Efficient and Optimal Quantized Compressed Sensing April 8, 2025 66/ 69



Conclusions
[e]e]e] Jele]

References

[PV16] The generalized lasso with non-linear observations. Y. Plan & R. Vershynin, IEEE
Trans. Inf. Theory, 2016.

[JR72] The application of dither to the quantization of speech signals. N. Jayant, L. Rabiner,
Bell System Technical Journal, 1972.

[JLBB13] Robust 1-Bit Compressive Sensing via Binary Stable Embeddings of Sparse Vectors.
L.Jacques, J. Laska, P. T. Boufounos; R. Baraniuk, [EEE Trans. Inf. Theory, 2013.

[OR15] Near-optimal bounds for binary embeddings of arbitrary sets. S. Oymak & B. Recht,
ArXiv, 2015.

[PV14] Dimension reduction by random hyperplane tessellations, Y. Plan & R. Vershynin,
Discrete & Computational Geometry, 2014.

[ALPV14] One-bit compressed sensing with non-Gaussian measurements, A. Ai, A.
Lapanowski, Y. Plan, R. Vershynin, Linear Algebra and its Applications, 2014.

[PV13] One-bit compressed sensing by linear programming, Y. Plan & R. Vershynin,
Communications on Pure and Applied Mathematics, 2013.

[PV12] Robust 1-bit compressed sensing and sparse logistic regression: A convex
programming approach, Y. Plan & R. Vershynin, IEEE Trans. Inf. Theory, 2012.

CCOM & MIND Efficient and Optimal Quantized Compressed Sensing April 8, 2025 67169



Conclusions
[e]e]e]e] Je]

References

[PVY17] High-dimensional estimation with geometric constraints, Y. Plan, R. Vershynin & E.
Yudovina, Inf. Inference, 2017.

[CKLG22] Adaboost and robust one-bit compressed sensing, G. Chinot, E Kuchelmeister, M.
Loffler, S. Geer, Mathematical Statistics and Learning, 2022.

[MM24] Binary iterative hard thresholding converges with optimal number of measurements
for 1-bit compressed sensing, N. Matsumoto & A. Mazumdar, Journal of the ACM, 2024.

[KSW16] One-bit compressive sensing with norm estimation, K. Knudson, R. Saab, R. Ward,
IEEE Trans. Inf. Theory, 2016.

[DM21] Non-Gaussian hyperplane tessellations and robust one-bit compressed sensing, S.
Dirksen & S. Mendelson, Journal of the European Mathematical Society, 2021.

[TR20] The generalized lasso for sub-gaussian measurements with dithered quantization, C.
Thrampoulidis & A. S. Rawat, IEEE Trans. Inf. Theory, 2020.

[XJ20] Quantized compressive sensing with rip matrices: The benefit of dithering, C. Xu & L.
Jacques, Inf. Inference, 2020.

[CLS15] Phase Retrieval via Wirtinger Flow: Theory and Algorithms, E. Candes, X. Li, M.
Soltanolkotabi, IEEE Trans. Inf. Theory, 2015.

Efficient and Optimal Quantized Compressed Sensing April 8, 2025 68 /69




Conclusions
O0000e

References

[BJKS15] Quantization and Compressive Sensing, P. T. Boufounos, L. Jacques, E Krahmer, R.
Saab, Compressed Sensing and its Applications: MATHEON Workshop, 2015.

[JMPS21] Quantized Compressed Sensing by Rectified Linear Units, H. C. Jung, J. Maly, L.
Palzer, A. Stollenwerk, IEEE Trans. Inf. Theory, 2021.

[CY24a] One-Bit Phase Retrieval: Optimal Rates and Efficient Algorithms, J. Chen & M. Yuan,
Preprint, 2024.

[0S17] Fast and reliable parameter estimation from nonlinear observations, S. Oymak, M.
Soltanolkotabi, SIOPT, 2017.

[S19] Structured signal recovery from quadratic measurements: Breaking sample complexity
barriers via nonconvex optimization, M. Soltanolkotabi, IEEE Trans. Inf. Theory, 2019.
[FJPY21] NBIHT: An efficient algorithm for 1-bit compressed sensing with optimal error
decay rate, M. P, Friedlander, H. Jeong, Y. Plan, O. YImaz, IEEE Trans. Inf. Theory, 2021.

[CY24b] Optimal Quantized Compressed Sensing via Projected Gradient Descent, J. Chen &
M. Yuan, Preprint, 2024.

Efficient and Optimal Quantized Compressed Sensing April 8, 2025 69 /69




	Quantized CS
	HDM
	PGD and RAIC
	Prove RAIC
	Conclusions

